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This  work  involves  development  and  implementation  of  equation-of-motion 
coupled  cluster  singles  and  doubles  (EOM-CCSD)  quadratic  and  Cl-like  methods, 
in  order  to  carry  out  quantitative  NMR  spin-spin  coupling  constant  calculations  for 
medium  size  molecules.  The  EOM-CCSD  method  for  general  second-order  prop- 
erties is  derived  within  the  so-called  quadratic  and  Cl-like  approximation  from 
coupled  cluster  (CC)  energy  derivative  theory.  Appropriate  atomic  basis  integrals 
over  Gaussian  basis  functions  required  for  NMR  spin-spin  coupling  constant  cal- 
culations and  the  EOM-CCSD  models  for  general  second-order  properties  have 
been  implemented  and  their  performance  is  examined  for  a  variety  of  molecules. 
In  these  calibration  studies,  we  focus  on  the  effects  of  the  quadratic  contribution, 
magnitude  of  the  non  Fermi-contact  contributions,  effects  of  the  atomic  basis  set 
employed  and  electron  correlation  on  NMR  spin-spin  coupling  constant  calcula- 
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tions  within  the  EOM-CCSD  quadratic  and  Cl-like  approximations.  The  results 
are  found  to  be  generally  good,  providing  13.9,  8.4,  7.3  and  7.6  mean  absolute 
percent  deviation  from  experiment,  respectively,  for  DZP,  TZP,  Chipman  and 
QZP  basis  sets.  The  overall  mean  absolute  error  of  the  EOM-CCSD  results  com- 
pared to  experiment  is  7%.  The  Fermi-contact  contribution  usually  constitutes  the 
largest  portion  of  the  total  coupling  constant.  However,  there  are  instances  that 
the  non-contact  contributions  are  dominating,  for  example,  HF  and  N2  molecules. 
Moreover,  for  quantitative  accuracy  all  four  contributions  need  to  be  incorporated. 

Several  interesting  applications  of  the  EOM-CCSD  method  have  been  re- 
ported. First,  we  consider  the  NMR  spin-spin  coupling  constants  of  alkyl  carbo- 
cations.  In  some  cases,  the  species  under  consideration  is  unstable  and  the  direct 
measurement  of  the  NMR  spectrum  is  impossible,  for  example,  C2H5'^.  For  such 
a  situation,  the  EOM-CCSD  results  provides  quantitative  NMR  spin-spin  coupling 
constants  to  fill  voids  in  the  NMR  data  of  carbocations  and  to  offer  "fingerprint" 
for  detection.  In  other  instances,  our  calculated  results  assist  or  corroborate  exper- 
imental spectral  assignments.  Finally,  the  variation  of  NMR  spin-spin  coupling 
constants  with  the  dihedral  angle  <j)  of  N-methylacetamide  (CH3NHCOCH3,  the 
dihedral  angle  ^  is  the  angle  between  hydrogen  atoms  in  CH3NH  fragment)  has 
been  studied.  N-methylacetamide  has  been  widely  used  to  mimic  the  peptide 
bond  in  proteins,  and  the  resulting  Karplus  type  relation  will  be  useful  for  con- 
formational analysis  of  peptides. 
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CHAPTER  1 
INTRODUCTION 

Nuclear  magnetic  resonance  (NMR)  spectroscopy,  invented  by  Purcel  and 
Bloch  in  1946,  has  become  one  of  the  most  valuable  spectroscopic  tools  with  a 
wide  variety  of  applications  in  diverse  areas  such  as  biology,  medicine  and  chem- 
istry. In  chemistry,  NMR  spectroscopy  is  mainly  used  for  structure  elucidations, 
compound  identification,  and  conformational  analysis.  The  relative  shieldings 
(chemical  shifts)  and  indirect  nuclear  spin-spin  coupling  constants  measured  in  an 
NMR  experiment  correlate  with  the  structure  and  conformation  of  molecules.  The 
accurate  measurement  of  chemical  shifts  and  correlation  of  them  with  molecular 
structures  is  relatively  easy  compared  to  the  use  of  spin-spin  coupling  constants 
and  consequently,  chemical  shifts  are  more  commonly  used  in  structure  elucida- 
tions. With  the  use  of  modem  high  resolution  NMR  spectrophotometers,  nuclear 
spin-spin  coupling  constants  can  be  measured  increasingly  accurately  and  on  a 
wide  variety  of  systems.  As  a  result,  their  application  in  structure  elucidations 
has  witnessed  a  dramatic  growth,  particularly  in  the  areas  of  conformational  anal- 
ysis of  proteins,  nucleic  acids  and  polysaccharides.  In  some  instances  completely 
novel  coupling  phenomena  have  been  observed  [1].  Sophisticated  theoretical 
analysis  is  required  to  sort  out  the  subtleties  involved  in  correlating  the  spin- 
spin  coupling  mechanisms  to  the  electronic  structure  of  molecules  and  also  to 

1 


2 

find  explanations  for  new  coupling  phenomena.  There  are  instances  in  which 
the  coupling  constants  of  interest  cannot  be  measured  directly  and  the  relevant 
information  requires  theoretical  calculations. 

In  the  last  few  decades,  through  an  increase  in  computational  power  and 
methodological  sophistication,  theoretical  chemists  have  been  able  to  tackle  in- 
creasingly complex  systems  with  higher  accuracy.  As  an  example,  rigorously 
gauge-origin-independent,  quantitatively  accurate,  chemical  shift  calculations  for 
medium-size  molecules  (up  to  eight  to  ten  non-hydrogen  atoms)  can  be  done 
routinely  today.  In  spite  of  the  continuous  effort  from  various  theoretical  re- 
search groups,  quantitative  calculations  of  NMR  spin-spin  coupling  constants  still 
present  a  challenge  to  theoreticians.  Both  theoretical  and  technical  advances  made 
in  recent  years  led  to  methods  which  give  quantitative  NMR  spin-spin  coupling 
constants.  However,  their  applications  are  limited  to  smaller  molecules  mainly 
due  to  limitations  in  the  computer  implementations. 

Having  reliable  theoretically  calculated  NMR  spin-spin  coupling  constants  is 
an  important  component  of  using  experimentally  determined  spin-spin  coupling 
constants  in  spectral  analysis.  For  example,  consider  the  application  of  NMR 
spectroscopy  in  the  structure  elucidation  of  carbocations.  The  alkyl  carbocations 
can  exist  in  classical  form  (contain  an  sp^  hybridized  electron-deficient  carbon 
atom)  or  nonclassical  bridged  form  (contain  penta  or  higher  coordinated  carbon 
atoms),  and  the  preferred  stable  form  has  often  led  to  controversies.  NMR  spec- 


troscopy  assisted  by  crude  theoretical  estimates  of  chemical  shifts  and  spin-spin 
coupling  constants  has  been  used  extensively  to  resolve  this  problem.  However, 
the  absence  of  reliable  theoretical  results  sometimes  led  to  ambiguities  in  spectral 
assignments  and  thus  inconclusive  results.  In  some  cases  neither  form  is  stable 
enough  to  observe  experimentally  and  a  theoretical  prediction  of  NMR  parame- 
ters becomes  essential.  The  NMR  spectra  of  isomers  quite  usually  are  similar, 
and  often  it  is  difficult  to  assign  a  particular  spectrum  to  one  isomer  or  the  other 
without  theoretical  support.  In  some  cases  the  NMR  spectrum  is  complicated 
and  theoretically  calculated  results  are  required  for  correct  assignments.  For  such 
applications  the  accuracy  of  the  calculated  results  is  crucial  since  there  might  be 
several  coupling  constants  which  differ  by  a  few  Hz. 

The  NMR  chemical  shifts  and  spin-spin  coupling  constants  are  in  general 
sensitive  only  to  the  local  environment  of  the  nuclei  of  interest.  This  is  a  quite 
useful  property  since  it  allows  the  use  of  a  small  model  system  which  mimics  the 
local  region  of  interest  of  a  molecule.  This  strategy  often  can  be  exploited  for 
large  molecules  which  are  not  amenable  to  high-level  theoretical  calculations. 

Another  important  application  of  theoretical  NMR  parameters  is  in  conforma- 
tional analysis,  in  particular  conformational  analysis  of  amino  acids,  proteins  etc. 
For  example,  vicinal  proton-proton  coupling  constants  have  been  used  to  estimate 
the  relative  populations  of  the  three  staggered  rotamers  in  a -amino  acids  and 
derivatives  [2].  The  general  idea  stems  from  the  fact  that  the  NMR  spectrum 
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of  a  sample  which  consists  of  a  mixture  of  conformers  in  dynamic  equilibrium 
corresponds  to  an  average  of  all  the  conformers  over  the  NMR  time  scale.  One 
important  question  in  conformational  analysis  is  the  relative  populations  of  the 
individual  conformers  in  the  mixture.  We  can  relate  the  experimentally  deter- 
mined average  coupling  constants  with  the  corresponding  coupling  constants  in 
the  individual  conformers  and  their  relative  populations.  The  number  of  con- 
formers should  be  small  enough  to  define  a  solvable  problem  using  the  limited 
number  of  coupling  constants  available.  The  individual  conformers  are  thermally 
unstable  to  observe  directly  in  an  NMR  experiment,  hence  one  has  to  calculate 
them  theoretically.  Conformations  of  amino  acid  residues  in  proteins  have  been 
determined  by  measuring  their  NMR  spin-spin  coupling  constants. 

For  example,  the  two  dihedral  angles  (f)i  and  tpi  depicted  in  Fig.  1.1  which 
describe  the  conformation  of  the  peptide  link  can  be  related  to  the  coupling 
constants  such  as  ^J(NH),  ^J(HH),  'j(CN)  etc. 
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Figure  1.1.  A  fragment  of  a  peptide  chain. 
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These  empirical  relations  usually  are  derived  by  studying  model  systems  which 
can  mimic  the  peptide  linkages,  for  example,  N-methylacetamide,  alanine  dipep- 
tide  etc.  To  establish  such  relations  requires  a  knowledge  of  the  spin-spin  coupling 
constants  of  the  model  system  for  different  values  of  dihedral  angle.  Quantitatively 
accurate  theoretical  methods  are  required  to  evaluate  these  since  the  individual 
conformers  corresponding  to  different  dihedral  angles  cannot  be  observed  experi- 
mentally. Theory  is  the  only  recourse  for  information  on  such  short  lived  species. 

I 

In  non-relativistic  theory,  the  NMR  spin-spin  coupling  constant  has  four 
contributions:  the  Fermi-contact  (FC),  spin-dipole  (SD),  paramagnetic  spin-orbit 
(PSO)  and  diamagnetic  spin-orbit  (DSO)  contributions.  Experimentally  measured 
spin-spin  coupling  constants  correspond  to  the  sum  of  these  four  contributions. 
The  individual  contributions  have  no  separate  physical  significance  and  are  not 
observables.  Nevertheless,  knowledge  of  the  magnitude  of  individual  contribu- 
tions can  be  useful  to  identify  various  coupling  mechanisms  and  also  to  develop 
various  qualitative  interpretative  tools. 

Having  discussed  the  possible  application  of  theoretically  calculated  NMR 
spin-spin  coupling  constants,  it  is  clear  that  to  be  truly  useful,  the  theoretical 
methods  employed  to  calculate  NMR  spin-spin  coupling  constants  must  be  ac- 
curate and  reliable  and  also  applicable  to  medium-sized  molecules.  The  subject 
of  this  dissertation,  the  effects  of  electron  correlation  nuclear  magnetic  resonance 
spin-spin  coupling  constant  calculations,  was  undertaken  in  response  to  this  need. 


6 

In  chapter  1  a  systematic  development  of  the  non-relativistic  approximation  of 
the  relativistic  many-electron  Hamiltonian  is  presented.  After  introducing  Dirac's 
one-fermion  Hamiltonian,  the  starting  point  for  our  derivation,  we  discuss  the 
problems  associated  with  developing  relativistic  many-electron  Hamiltonians.  As 
will  be  discussed  in  chapter  1,  a  simple-minded  extension  of  Dirac's  one-particle 
picture  to  many-particle  systems  does  not  give  a  proper  relativistic  many-electron 
Hamiltonian.  Next  we  review  briefly  recent  developments  for  many-electron 
Hamiltonians  based  on  quantum  electrodynamics  (QED).  The  resulting  QED  or 
no-pair  Hamiltonians  do  not  suffer  from  the  problems  associated  with  Hamilto- 
nians derived  from  the  direct  extension  of  Dirac's  equation.  Next  we  discuss 
the  development  of  the  non-relativistic  two-component  form  of  the  relativistic 
many-electron  Hamiltonians.  A  comprehensive  account  of  decoupling  schemes, 
including  the  potential  singularity  problems  in  the  expansion  in  terms  of  (where 
a  is  the  fine  structure  constant)  is  also  given.  Finally  we  present  the  Hamiltonian 
we  use  to  describe  the  NMR  spectra  with  a  thorough  account  of  the  origin  of 
each  term. 

In  chapter  2  the  development  of  the  computational  methods  pertinent  to 
the  present  study  is  given.  After  introducing  the  necessary  preliminaries  (Fock 
space,  Hartree-Fock  theory,  second-quantization)  we  proceed  to  discuss  the  spin- 
Hamiltonian  which  will  introduce  the  chemical  shift  and  indirect  nuclear  spin- 
spin  coupling  constant  tensors.  Next  we  consider  the  coupled  perturbed  Hartree- 


Fock  theory  (CPHF)  and  equation-of-motion  coupled  cluster  singles  and  doubles 
(EOM-CCSD)  methods  as  means  of  evaluating  NMR  spin-spin  coupling  constants. 
Equations  for  general  second-order  properties  at  the  HF  level  based  on  analytical 
energy  derivative  theory  are  presented.  Similarly,  expressions  are  derived  for  the 
coupled  cluster  singles  and  doubles  (CCSD)  model  using  analytical  derivative 
theory.  This  led  to  a  method  for  general  second-order  properties  known  as  the 
EOM-CCSD  quadratic  method.  In  taking  the  derivative,  orbital  relaxation  effects 
are  neglected  as  they  have  shown  to  be  relatively  unimportant  for  coupled  cluster 
(CC)  reference  state  [3,  4].  This  form  lacks  the  convenient,  familiar  second- 
order  perturbation  theory  expression.  Alternatively,  we  can  insist  upon  that  form 
by  reanalyzing  the  quadratic  term  in  the  CCSD  energy  derivative  expression 
to  obtain  a  convenient  Cl-like  approximation.  The  ground  and  excited  state 
wave  functions  that  enter  into  a  sum-over-state  expression  are  eigenfunctions 
of  the  CCSD  effective  Hamiltonian  and  establish  the  connection  to  the  EOM-CC 
methods  for  excited  states  [5].  The  sum-over-state  expression  describes  the  EOM- 
CCSD  Cl-like  approximation  to  the  general  second-order  properties.  Detailed 
equations  which  are  being  used  for  computer  implementations  are  given. 

In  chapter  3  we  review  the  existing  literature  on  NMR  spin-spin  coupling 
constant  calculations  briefly.  A  chronological  account  of  the  development  of 
computational  methods  and  an  assessment  of  the  quality  of  the  numerical  results 
obtained  by  using  these  methods  is  given.  The  current  state  of  the  art  in  the 
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theoretical  calculation  of  NMR  spin-spin  couplings  constants,  and  the  exciting 
new  experiments  which  require  more  elaborate  theoretical  analysis  are  discussed 
in  chapter  3.  We  also  identify  both  conceptual  and  technical  problems  associated 
with  the  theoretical  calculation  of  NMR  spin-spin  coupling  constants. 

Chapter  4  is  devoted  to  applications  of  EOM-CCSD  methods  to  various 
molecules  in  order  to  calibrate  the  EOM-CCSD  results  with  respect  to  the  ex- 
perimental results.  A  systematic  study  of  the  effects  of  the  quadratic  contribution, 
effects  of  the  atomic  basis  set  employed,  and  electron  correlation  on  NMR  spin- 
spin  coupling  constant  calculations  within  the  EOM-CCSD  quadratic  and  Cl-like 
approximations  is  presented.  In  chapter  4  we  also  consider  direct  comparison  of 
the  EOM-CCSD  quadratic  method  and  Cl-like  approximation  with  other  quantita- 
tive correlated  methods  such  as  the  polarization  propagator  and  multiconfiguration 
linear  response  methods. 

In  chapter  5  we  employ  the  EOM-CCSD  method  to  calculate  NMR  spin-spin 
coupling  constants  of  selected  carbocations.  The  main  focus  of  this  chapter  is  on 
NMR  spin-spin  coupling  constants  of  alkyl  carbocations.  However,  for  complete- 
ness, we  also  report  the  NMR  chemical  shifts  based  on  gauge-independent  atomic 
orbitals  (GIAO)  obtained  at  the  second-order  perturbation  theory  (MBPT(2))  level. 
Here,  we  have  chosen  two  alkyl  carbocations.  First,  the  ethyl  carbocation  which 
is  not  stable  enough  to  isolate,  enabling  our  calculated  results  to  provide  much 
needed  NMR  data  for  this  prototypical  alkyl  carbocation.  The  second  sytem  we 
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consider  is  the  2-norbomyl  carbocation  which  has  been  the  focal  point  of  the  clas- 
sical versus  nonclassical  ion  controversy.  In  this  case,  we  provide  much  needed 
theoretical  support  for  the  experimental  NMR  assignments  reported  by  Olah  et  al. 
[6]  and  several  other  research  groups,  thereby  reaffirming  the  stable  nonclassical 
form  of  the  norbomyl  carbocation. 

In  chapter  6  application  of  the  EOM-CCSD  NMR  spin-spin  coupling  constants 
in  conformational  analysis  is  considered.  The  variation  of  vicinal  NMR  spin-spin 
coupling  constants  with  the  dihedral  angle  between  the  coupled  nuclei  can  be 
described  by  mathematical  relations  of  the  form 

=  Acos^4>i  +  Bcos4>i  +  C  (1.1) 

commonly  known  as  "Karplus-like  relations"  (where  the  dihedral  angle  (pi  is 
shown  in  Fig.  6.1).  Given  the  experimentally  measured  and  independently 
determined  A,  B  and  C,  one  can  calculate  the  dihedral  angle  and  hence  the  confor- 
mation. Such  a  technique  has  been  used  in  the  determination  of  the  conformation 
of  open  chain  and  cyclic  organic  molecules,  particularly  polypeptides  and  other 
biologically  interesting  molecules.  A,  fl  and  C  usually  are  determined  by  employ- 
ing approximate  theoretical  models  to  calculate  the  spin-spin  coupling  constant 
as  a  function  of  the  dihedral  angle  of  a  small  model  system  which  can  mimic 
the  bonding  situation  of  interest.  The  reliability  of  this  approach  depends  on  the 
accuracy  of  the  calculated  NMR  spin-spin  coupling  constants  and  the  transfer- 
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ability  of  "Karplus-like  relations"  based  on  a  model  to  a  molecule  which  has 
a  completely  different  surrounding  chemical  environment  from  the  model  sys- 
tem. Systematic  studies  based  on  quantitatively  accurate  NMR  spin-spin  coupling 
constants  are  required  to  establish  quantitatively  accurate  correlations  that  can 
be  used  reliably  in  conformational  analysis.  In  chapter  6,  we  present  an  ap- 
plication of  the  EOM-CCSD  method  to  investigate  the  variation  of  ^J(^H^H) 
in  N-methylacetamide  (CH3NHCOCH3)  as  a  function  of  the  dihedral  angle.  N- 
methylacetamide  is  widely  used  to  model  peptide  links  and  is  accessible  to  high- 
level  correlated  calculations.  In  principle,  the  constants  A,  B  and  C  reported  in 
this  work  must  be  a  significant  improvement  over  the  ones  currently  being  used. 
The  problems  associated  with  employing  relations  similar  to  Eqn.  1.1  in  con- 
formational analysis  are  addressed,  and  that  chapter.  It  also  sets  the  stage  for 
future  systematic  investigations  of  this  interesting,  synergistic  application  of  the 
calculated  and  experimentally  measured  NMR  spin-spin  coupling  constants. 


CHAPTER  2 

MOLECULAR  RELATIVISTIC  HAMILTONIANS:  AN  OVERVIEW 

2.1  Introduction 

In  this  chapter,  a  systematic  development  of  relativistic  molecular  Hamiltoni- 
ans  and  various  non-relativistic  approximations  are  presented.  The  discussion  is 
mainly  pedagogical  and  also  establishes  the  notation  used  in  subsequent  chapters. 
Our  starting  point  is  the  Dirac  one-fermion  Hamiltonian  in  the  presence  of  an  ex- 
ternal electromagnetic  field.  The  problems  associated  with  generalizing  "Dirac 's 
one-fermion  theory"  smoothly  to  more  than  one  fermion  are  discussed.  The  de- 
scription of  many-fermion  systems  within  the  framework  of  quantum  electrody- 
namics (QED)  will  lead  to  Hamiltonians  which  do  not  suffer  from  the  problems 
associated  with  the  direct  extension  of  "Dirac's  one-fermion  theory"  to  many- 
fermion  systems.  An  exhaustive  discussion  of  the  recent  QED  developments 
in  the  relevent  area  is  not  presented,  except  for  cursory  remarks  for  complete- 
ness. The  non-relativistic  form  of  the  many-electron  relativistic  Hamiltonian  is 
developed  as  the  working  Hamiltonian.  It  is  used  to  extract  operators  for  the 
observables  which  represent  the  response  of  a  molecule  to  an  external  electro- 
magnetic radiation  field.  In  this  study  our  focus  is  mainly  on  the  operators  which 
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eventually  were  used  to  calculate  the  nuclear  magnetic  resonace  (NMR)  chemical 
shifts  and  indirect  nuclear  spin-spin  coupling  constants. 

2.2  Dirac's  One-Fermion  Theory 

The  relativistic  one-fermion  equation  in  the  free  field  presented  by  Dirac  in 
1928  [7,  8]  is  usually  written  in  the  contravariant  form,  which  illustrates  the 
relativistic  equivalence  of  space  and  time  in  an  elegant  way 


i^  =  [c{a.P)+(3mc^]'t/^  (2.2) 


where  m  and  c  are  the  rest  mass  of  the  particle  and  the  velocity  of  light  in  atomic 
units,  respectively.  Here,  the  bold  face  letters  represent  both  matrices  and  vectors 
interchangeably.  The  linear  momentum  operator  P,  is  given  by 

P=_iV=-i(iA+j|+k|)  (2.3, 

The  components  of  the  a  and  ^  operators  are  independent  of  space  and  time 
coordinates  and  satisfy  the  anticommutator  relationship 

[a^,a^]+ ^26^^  =  o,x,y,z)  (2.4) 

where  we  have  used 


)3  =  ao 


(2.5) 
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and  X,  y  and  z  are  the  three  components  of  the  spatial  coordinate  vector  r.  The 
components  of  a  and  13  operators  in  matrix  representation  are  4  X  4  matrices, 
and  are  usually  written  in  the  form 


0 

0 

CTy 

0 

0 

OLy  = 

(Ty 

0 

0 

I  0 
0  -I 


(2.6) 


where  <t's  are  the  Pauli  spin  matrices  [9];  I  and  0  are  the  2  X  2  unit  and  null 
matrices  respectively.  The  Dirac  spinor 


1p  =  1p{T,t) 


is  a  function  of  spatial  (r)  and  time  {t)  coordinates. 


(2.7) 


Lengthy  accounts  of  the  properties  and  physical  interpretation  of  the  Dirac 
equation  can  be  found  in  several  standard  text  books  [10-12],  and  will  not  be 
repeated  here.  However,  some  important  points  will  be  addressed  below. 

The  Dirac  equation  is  invariant  to  Lorentz  transformations  [13],  a  necessary 
requirement  of  a  relativistic  equation.  In  the  limit  of  large  quantum  numbers 
the  Dirac  equation  reduces  to  the  Klein-Gordon  equation  [14,  15].  The  time- 
independent  form  of  Dirac's  Hamiltonian  is  given  by 


[c(a.P)  +  (3mc']ij}  =  Ei/' 


(2.8) 
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This  can  be  easily  derived  from  Eqn.  2.2  by  standard  separation  of  variables 
technique  where  the  quantity  E  is  the  total  energy  of  the  system.  Note  that  in 
the  time-independent  Dirac  equation  the  frame  of  reference  is  fixed.  The  energy 
spectrum  of  the  Dirac  equation  is  unbounded  both  from  above  and  below,  and  has 
both  positive  and  negative  energy  solutions.  As  an  example,  in  the  Dirac  picture, 

I 

a  free  fermion  has  both  a  positive  and  negative  continuum  of  energies,  above  mc^ 
and  below  — mc^  respectively.  However,  in  the  presence  of  an  external  field,  the 
Dirac  equation  has  a  discrete  spectrum  of  bound  state  solutions  for  values  of  the 
total  energy  E  in  the  range  of  E  <  mc^,  in  addition  to  the  continuum  states 
above  mc^  and  below  — mc^  [16]. 

The  presence  of  a  negative  continuum  of  energies  leads  to  conceptual  diffi- 
culties: there  is  no  ground-state  energy  as  in  the  case  of  non-relativistic  theory, 
which  suggests  that  the  fermion  may  fall  into  the  negative  continuum  of  energy 
and  attain  infinitely  low  energy.  Dirac  circumvented  this  problem  by  redefining 
the  vacuum  state  as  the  situation  in  which  all  the  negative  energy  states  are  fully 
occupied  and  all  the  positive  energy  states  are  unoccupied.  The  Pauli  exclusion 
principle  prevents  additional  fermions  from  occupying  the  fully  occupied  negative 
energy  states.  Excitation  of  a  fermion  from  the  negative  energy  state  to  a  pos- 
itive energy  state  implies  a  creation  of  a  hole  in  the  negative  energy  continuum 
and  a  particle  in  the  positive  energy  continuum.  The  negative  energy  solutions 
are  then  interpreted  as  solutions  for  such  hole  particles  having  a  positive  charge. 
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+e,  positrons,  while  the  positive  energy  solutions  are  interpreted  as  solutions 
for  particles  having  an  equal  magnitude  but  opposite  charge  to  the  hole  parti- 
cles, —e,  electrons.  However,  this  interpretation  is  not  free  of  problems  either. 
One  has  to  deal  with  the  interaction  of  fermions  with  the  background  charge  of 
an  infinite  "sea  of  fermions."  This  leads  to  infinities  in  the  actual  calculation  of 
electron  properties.  On  the  other  hand,  Dirac's  hypothesis  does  not  apply  to  spin- 
less  particles,  which  do  not  obey  the  Pauli  principle  but  which  do  have  negative 
energy  solutions.  The  problem  was  ultimately  solved  by  renormalized  quantum 
electrodynamics  introduced  in  the  late  1940's  by  Feynman,  Dyson,  Schwinger, 
Tomonaga  and  others  [17-21]. 

In  the  presence  of  an  external  electromagnetic  radiation  field  the  Dirac  equa- 
tion for  a  fermion  takes  the  form 

d 

[i—  -  qcj)]^  =  [c(a.n)  +  (3mc'']ip  (2.9) 

where  q  is  the  charge  of  the  fermion,  (/>  =  (f>{T,  t)  is  the  scalar  potential  and  11 
is  the  modified  canonical  momentum  of  the  fermion.  The  modified  canonical 
momentum  is  given  by 

n  =  P-^A  (2.10) 

where  A  =  A(r,  t)  is  the  vector  potential.  Thus  the  introduction  of  coupling 
between  particles  and  the  radiation  field  corresponds  to  the  substitution  (P  -  |A) 
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in  Eqn.  1  instead  of  P,  a  relation  which  is  often  referred  to  as  the  principle 
of  minimal  electromagnetic  coupling.  This  relationship  can  be  derived  rigorously 
using  quantum  electrodynamics  [22].  The  attractive  features  of  the  free  field  Dirac 
Hamiltonian  remain  intact  in  the  external  electromagnetic  radiation  field  Dirac 
equation.  Alternatively,  we  can  write  the  time  independent  form  of  Eqn.  2.9, 

[ho  +  Vext]T/'  =  hD,ext^  =  Et/;  (2.1 1) 

where,  hp  =  [c(a.P)  +  (3mc^]  and  Vgxt  =  Q[(f>^  —  (ol.A)],  in  which  the  external, 
field-dependent  terms  are  grouped  in  Vext  and  I  is  the  identity  operator.  As  we 
will  see  later,  the  external  electromagnetic  field  Dirac  one-fermion  equation  as 
written  in  Eqn.   2.11  is  more  convenient  for  the  discussion  of  many-fermion 

relativistic  Hamiltonians. 

I 

;  It  is  also  common  in  the  literature  to  write  the  time  independent  Dirac  equation 
in  terms  of  Pauli-spin  matrices. 


( 


Here,      =  I  )  and      =  (  )  are  historically  known  as  "large" 

and  "small"  components.  They  also  are  referred  to  as  positive  and  negative 
energy  components.  The  largest  term  in  the  Dirac  Hamiltonian  (Eqn.  2.11)  is 
mc^,  the  rest  mass  energy  of  the  fermion.  It  will  be  useful  to  know  an  estimate 
of  the  magnitude  of  the  other  terms  relative  to  this  term.  The  order  of  magnitude 
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of  each  of  the  other  terms  in  the  Hamiltonian,  ca.P,  q(f)  and  qca.A,  can  be 
expressed  as  mc^Q:",  based  on  the  magnitude  of  each  of  them  in  the  ground  state 
hydrogen  atom  [10].  As  an  example,  the  electron  velocity  (m)  in  the  first  Bohr 
radius  is  ca  and  the  first  Bohr  radius  (Oo)  is  given  by  ^^i^i  ■  Thus,  classically: 
ca.P  ~  mcu  =  mc^a,  q(f)         =  vn^c?  and  qca.A  ~  -y^  =  mc^a^.  Here  a 

0,0  C  CIq 

is  the  fine  structure  constant.  The  magnitude  of  the  electric  and  magnetic  field 
experienced  by  an  electron  in  the  first  Bohr  radius  is  much  larger  than  the  external 
electric  or  magnetic  fields  commonly  encountered  in  the  laboratory  [10].  Hence, 
these  qualitative  estimates  will  not  be  altered  materially  in  the  presence  of  an 
applied  external  field.  It  will  be  seen  later  that  the  order  of  magnitude  of  any 
term  arising  in  the  relativistic  many-fermion  Hamiltonian  can  be  estimated  from 
these  results  as  well  as  the  order  of  magnitude  of  each  term  in  the  equivalent 
two-component  form  expanded  in  a  power  series. 

So  far  our  discussion  is  limited  to  a  single  fermion  in  the  free  field  or  in  the 
presence  of  a  electromagnetic  radiation  field.  In  the  following  section,  we  will 
generalize  the  discussion  to  relativistic  many-fermion  Hamiltonians. 

2.3  Relativistic  Many-Fermion  Hamiltonians 

Dirac's  equation  cannot  be  extended  directly  to  many-fermion  systems.  The 
many-fermion  Hamiltonians  should  be  derived  from  first  principles  (QED).  How- 
ever, QED  treatments  of  interacting  many-fermion  systems  do  not  automatically 
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lead  to  an  eigenvalue  problem.  An  eigenvalue  problem  has  to  be  extracted  from  a 
perturbation  expansion  derived  by  QED  for  the  frequency  of  the  emitted  radiation 
from  a  system.  There  is  no  universally  accepted  scheme  for  this  process  and 
consequently  there  is  no  unique,  multi-purpose  relativistic  many-fermion  Hamil- 
tonian,  but  the  Hamiltonians  we  are  looking  for  should  instead  be  "reasonable". 
To  be  "reasonable",  we  would  like  our  many-fermion  relativistic  Hamiltonian  (H) 
to  satisfy  criteria  which  are  vital  or  desirable.  The  proper  Hamiltonians  should 
be  based  on  sound  theoretical  concepts  and  should  be  amenable  to  systematic 
improvements.  In  the  non-interacting  limit  they  should  be  exact  (ie.  reduce  to  a 
sum  of  independent  external  electromagnetic  field  Dirac  Hamiltonians).  Relativis- 
tic many-fermion  Hamiltonians  H  can  be  regarded  as  linear  Hermitian  operators 
which  act  on  configuration  state  functions  (CS),  *  =  *(ri,  ra, . . . ,  r^r,  i),  the 
multi-Dirac  spinors,  in  the  Hilbert  space  which  refers  to  a  definite  number 
(N  >  0)  of  fermions.  Here,  the  (/  =  1,  2,  .  .  .  ,  AO  are  the  position  vector  and 
the  Dirac  spin  matrix  of  the     particle.  Moreover,  the  eigenvalue  problem 

=  E*  (2.13) 

should  have  normalizable  solutions,  which  can  be  associated  with  the  energy 
levels  of  an  electron  atomic  or  molecular  system.  An  extensive  list  of  criteria 
can  be  found  in  Sucher  [23],  and  will  not  be  repeated  here. 


19 


The  Dirac-Breit-Coulomb  (DBC)  Hamiltonian  (Hdbc)  is  a  good  starting  point 
for  a  discussion  of  many-fermion'  relativistic  Hamiltonians,  not  only  because  of 
its  historical  importance  and  widespread  use  in  molecular  relativistic  calculations 
(in  spite  of  its  known  failures)  but  also  as  an  excellent  example  of  a  disastrous 
failure  of  an  attempt  to  directly  extend  a  relativistic  "one-fermion  theory"  to  a 
relativistic  "many-fermion  theory"  without  sound  theoretical  justification.  It  has 
the  form 

^ar=  Et*^D(^)+^-t(i)]  +  E^-t(^'j')f*  =  HDBc*  (2.14) 

li=l  i<j  ) 

or  for  stationary  states, 

Hdbc*  =  E*  (2.15) 

where  hD(?), 

=  [c{(Xi.Pi)  +  A-miC^]  (2.16) 

is  the  free  field  Dirac  Hamiltonian  for  the     particle  and  Vextii), 

Vext(i)  =  qi[4>l  -  (oLi.Ai)]  (2.17) 

is  the  external  radiation  field  effects  acting  on  the  particle  and  Vint{hj), 
represents  the  particle-particle  interactions.  Note  that  the  first  part  of  the  DBC 

1.  (The  original  form  of  the  DBC  Hamiltonian  was  proposed  for  molecules.  Here,  we 
use  it  for  general  many-fermion  systems) 
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Hamiltonian  (Eqn.  2. 14)  is  a  sum  of  external  field  one  particle  Dirac  Hamiltonians. 
In  the  DBC  Hamiltonian,  the  particle  particle  interacton  effects  are  approximated 
by  an  instantaneous  Coulombic  and  Breit  interaction  [24], 


g,-gj(I  +  B,j) 

Vint(^,j)  =   j  1   (2.1o) 


where  B^j, 


B,  =  -  i[a..a,  +  (2i£ii)Klfill  (2.19) 


both  of  which  are  on  the  order  of  magnitude  m(?o?  in  a  molecular  environment. 
The  complete  interaction  cannot  be  written  in  a  closed  form  but  has  to  be  obtained 
by  (diagrammatic)  perturbation  theory.  The  Coulomb  and  the  Breit  interaction 
terms  are  the  first  two  terms  of  an  infinite  series  and  the  DBC  Hamiltonian  as 
written  in  Eqn.  2.14  is  only  an  approximation  (not  a  closed  form  equation).  The 
original  derivation  of  the  Breit  interaction  was  based  on  the  classical  magnetic 
dipole  interactions  of  moving  charged  particles  [24].  Since  then  it  has  been 
rederived  using  QED  arguments  [16].  The  higher  order  (>>  mc^a'*)  terms  in 
the  series  arise  from  the  retarded  interactions  of  particles  via  transverse  virtual 
photons  and,  in  principle,  may  be  obtained  to  any  order  of  accuracy  based  on 
QED  arguments.  The  DBC  Hamiltonian  is  not  Lorentz  invariant,  but  it  can 
be  systematically  improved  to  any  order  and  eventually  in  the  limit  it  becomes 
Lorentz  invariant.  As  we  can  see  from  Eq.  2.14,  in  the  absence  of  particle-particle 
interactions  the  DBC  Hamiltonian  reduces  to  a  sum  of  independent  one-particle 
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external  radiation  field  Dirac  equations.  The  DBC  Hamiltonian  is  correct  through 
order  mc^a^  and  it  can  be  shown  that  it  is  independent  of  the  origin  of  the 
coordinate  system  choosen  to  represent  the  electromagnetic  potentials  (gauge- 
origin  invariant)  [10]. 

At  this  point  it  is  interesting  to  discuss  the  solutions  of  the  DBC  Hamiltonian 
briefly.  As  Brown  and  Ravenhall  pointed  out  in  1951  [25],  the  DBC  Hamiltonian 
does  not  have  bound  state  solutions.  To  illustrate  this  point,  let  us  consider  the 
stationary  state  DBC  Hamiltonian  of  two  non-interacting  fermions  in  an  external 
potential  given  by 

|^[hD(0  +  VextW]Wo=  {X;hD,extW}*  =  E*  (2.20) 
I  i-l  )  i=l 

As  noted  earlier,  for  each  particle  i,  there  is  a  discrete  spectrum  of  positive  energy 
bound  states  and  positive  and  negative  energy  continuum  states.  Let  us  consider 
a  product  wave  function  of  the  form  *  =  i/>i(l)V'2(2),  a  normalizable  stationary 
bound-state  eigenfunction  of 

2 

I]*^D,ext(0  (2.21) 
i=l 

2 

with  energy  E  =  J]  ei(i).  Here,  ■0i(i)  for  each  /,  are  normalizable  stationary 
state  eigenfunctions  of 


hD,ext^i(i)  =  ei{i)tpi{i)   i  =  1,2 


(2.22) 
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To  any  bound  state  solution  with  energy  E,  we  can  associate  an  infinite  number  of 
states,  one  in  the  positive  energy  continuum  and  the  other  in  the  negative  energy 
continuum  having  the  same  E  as  the  combined  energy.  As  we  turn  on  the  particle- 
particle  interaction,  states  from  the  negative  energy  continuum  can  mix  with  the 
positive  energy  continuum  states  so  that  their  combined  energy  equal  to  E.  This 
will  add  large  contributions  to  the  bound  state  wave  function  and  extend  it  to 
infinite  distances  or  dissolve  into  the  continuum.  This  phenomenon  is  commonly 
known  as  "Brown  and  Ravenhall  disease"  or  "continuum  dissolution"  (CD)  [25]. 
As  a  consequence  of  the  presence  of  negative  energy  continuum  states,  the  positive 
energy  bound  state  solutions  of  interest  are  highly  excited,  and  the  electrons  that 
occupy  the  positive  energy  bound  states  can  be  excited  to  positive  and  negative 
energy  continuum  states.  Thus  it  can  be  easily  shown  by  using  perturbation 
theory  arguments,  following  Sucher  [23],  that  the  first-order  correction  to  the 
bound  state  wave  function  is  not  normalizable.  However,  it  is  important  to  note 
that  the  zeroth-order  state  is  highly  excited  and  for  a  such  a  zeroth-order  state, 
perturbation  theory  arguments  break  down.  A  solvable  model  problem  has  also 
been  used  to  demonstrate  the  point  in  question,  without  relying  on  perturbation 
theory  [26]. 

Obviously,  the  CD  is  related  to  the  existence  of  unfilled  negative  energy 
(including  rest  mass  energy)  states,  but  arises  only  because  fermions  are  interacting 
with  each  other  regardless  of  the  mechanism  of  interaction.  In  the  one-fermion 
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case,  Dirac  conceptually  avoided  this  problem  by  assuming  completely  filled 
negative  energy  states  commonly  known  as  Dirac' s  "hole  theory"  but,  there  is 
nothing  explicitly  in  the  Dirac  equation  itself  to  enforce  this  constraint.  As  noted 
earlier,  the  DBC  Hamiltonian  is  not  derived  from  first  principles;  it  is  merely  an 
intuitive  extension  of  Dirac's  "one-fermion"  theory  to  many  fermions.  Hence,  the 
DBC  Hamiltonian  does  not  incorporate  the  physical  ideas  of  Dirac's  "hole  theory" 
in  which  the  Pauli  exclusion  principle  prevents  transitions  to  filled  negative  energy 
states.  This  dilemma  calls  for  the  derivation  of  many-fermion  Hamiltonians  from 
QED,  the  mathematical  formulation  of  the  Dirac's  "hole  theory"  which  incoporates 
these  ideas  from  the  outset.  As  we  will  see  later,  such  a  derivation  provides 
many-fermion  Hamiltonians  which  are  amenable  to  systematic  improvements  and 
do  not  suffer  from  CD. 

The  Dirac-Hartree-Fock  (DHF)  equation  has  been  derived  starting  from  the 
DBC  Hamiltonian  following  similar  arguments  as  was  done  in  deriving  its  non- 
relativistic  analogue,  the  Hartree-Fock  (HF)  equation  [27-29].  The  DHF  equation 
has  been  severely  numerically  tested  over  the  last  few  decades,  and  proven  to  be 
useful  in  a  qualitative,  and  often  quantitative,  understanding  of  atomic  structure 
and  spectra  of  relativistic  atoms,  especially  those  involving  inner-shell  ionization 
in  heavy  atoms.  It  is  not  surprising  that  the  DHF  equation  has  bound  state 
solutions,  since  the  DHF  equation  is  a  one-body  equation  which  does  not  suffer 
from  CD.  However,  CD  undermines  the  interpretation  of  these  solutions,  because 
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the  exact  wave  function  for  which  the  DHF  wave  function  is  supposed  to  be  an 
approximation  does  not  exist.  Any  attempt  to  improve  upon  the  DHF  solutions  by 
including  electron  correlation  effects  proved  to  be  a  dismal  failure  [30,  31],  just  as 
one  would  expect  since  the  DBC  Hamiltonian  does  not  have  bound  state  solutions. 

Apparently,  a  large  number  of  successful  relativistic  configuration-interaction 
(RCI)  and  multireference  Dirac-Hartree-Fock  (MRDHF)  calculations  [32]  reported 
over  the  last  two  decades  are  "supposedly"  based  on  the  DBC  Hamiltonian.  This 
apparent  success  seems  to  contradict  the  earlier  claims  of  the  CD.  As  shown  by 
Sucher  [23,  33],  in  fact  the  RCI  and  MRDHF  calculations  are  not  based  on  the 
DBC  Hamiltonian,  but  on  an  approximation  to  a  more  fundamental  Hamiltonian 
based  on  QED  which  does  not  suffer  from  the  CD.  At  this  point,  let  us  defer  further 
discussion  until  we  review  the  many-fermion  Hamiltonians  derived  from  QED. 

The  underlying  relativistic  Hamiltonian  for  many-fermion  systems  is  the 
Hamiltonian  for  quantum  electrodynamics,  Hqed-  It  acts  on  wave  function  in 
Fock-space  and  is  capable  of  describing  systems  involving  an  arbitrarily  large 
number  of  electrons,  positrons  and  photons.  Hqed  conserves  only  the  total 
charge  of  the  system,  not  the  total  number  of  electrons,  positrons  or  photons. 
Irrespective  of  a  particular  partitioning,  Hqed  will  always  have  terms  which 
couple  different  sectors  of  the  Fock-space  with  the  same  total  electric  charge  but 
with  different  number  of  electrons,  positrons  and  photons.  The  Fock-space  wave 
function  is  an  infinite-order  column  matrix,  consists  of  electrons,  positrons  and 
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photons  consistent  with  the  total  charge  and  quantum  numbers  of  the  system  [34]. 
For  example,  the  Fock-space  wave  function  for  an  electron  consists  of  a  one- 
electron  wave  function,  a  one-electron  and  one-photon  function,  a  one  electron 
and  electron-positron  pair  function,  etc.  The  individual  elements  of  the  Fock- 
space  wave  function  in  a  particular  sector  (Hilbert  space)  satisfy  a  set  of  infinite 
coupled  linear  partial  differential  equations  and  can  be  used  to  extract  the  form 
of  the  Fock-space  wave  function  for  the  photons  and  electrons  [34]. 

The  first  rigorous  derivation  of  such  a  relativistic  Hamiltonian  for  a  two- 
fermion  system  that  makes  use  of  Feynman  [18,  19]  formalism  of  QED  was  due 
to  Bethe  and  Salpeter  [35,  36].  Recently  Broyles  has  extended  it  to  many-electron 
atoms  and  molecules  [37].  A  detailed  account  of  Broyle's  derivation  can  be  found 
elsewhere  [37,  38]  and  will  not  be  repeated  here.  Following  Broyles  the  stationary 
state  many-fermion  Hamiltonian  based  on  QED  can  be  written  as 

■  N  N  N  1 

EhD,extW  +  [n  -  i-lf  n  ^k-]  E  Vint(^,i)  U  =  (2.23) 

k=l  k=l  i<j  ) 

where  Ak±  are  the  projection  operator  into  the  positive  and  negative  energy  states 
of  hD,ext  namely 

Ak±Mf^)  =  ^(P'  +  my/^  [(p2  +  m2)  V2  ±  hD.ext]  \i>k±{k))  (2.24) 

where  ^^(O  is  an  eigenfunction  of  hD,ext-  As  we  can  see  from  Eqn.  2.23,  the 
form  of  the  QED  Hamiltonian  is  identical  to  that  of  the  DBC  Hamiltonian  given 
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in  Eqn.  2.14  except  for  the  presence  of  projection  operators.  For  potentials 
(Vint(i,i))  which  involve  only  pairwise  interactions,  Broyles  has  shown  that  the 
bound  state  wave  functions  of  Eqn.  2.23  separate  into  two  components.  This  in 
mathematical  terms  can  be  written  as 


and  consequently  in  no  case  does  the  wave  function  have  a  mixture  of  both 
positive  and  negative  energy  solutions.  The  positive  and  negative  energy  solutions 
correspond  to  two  different  equations.  It  is  the  presence  of  projection  operators 
which  decouple  the  positive  and  negative  energy  states  that  actually  prevents  the 
QED  Hamiltonian  from  CD.  As  Broyles  stated,  if  more  than  two-body  interactions 
are  present,  this  separation  into  two  components  still  may  hold,  but  in  that  case 
a  more  elaborate  proof  is  required. 

The  no-pair  Hamiltonian  derived  from  QED  principles  [31]  is  equivalent  to  the 
Broyles  Hamiltonian.  It  may  be  obtained  in  a  more  simple  and  transparent  manner, 
without  invoking  the  perturbational  four-dimensional  machinery  associated  with 
Broyles  or  Bethe  and  Salpeter's  derivation.  However,  it  should  be  noted  that  this 
derivation  is  less  rigorous.  In  the  Coulomb  gauge  Hqed  can  be  written  in  the  form 


where  Hmat  is  the  external  field  Hamiltonian  for  the  particles  (electrons  and 
positrons)  in  terms  of  the  quantized  Dirac  field.  U,^  is  the  free  Hamiltonian  for 


N 


N 


(2.25) 


Hqed  =  Hjnat  +  Hrad  +  Ht 


(2.26) 
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the  radiation  in  terms  of  the  quantized  radiation  field,  and  Hx  is  the  Hamiltonian 
for  the  interaction  of  particles  with  the  quantized  transverse  radiation  field.  The 
interaction  term  Hx  is  assumed  to  be  small  and  is  usually  treated  by  perturbation 
theory.  We  can  define  a  set  of  electron  and  positron  creation  and  annihilation 
operators  (see  chapter  2)  in  terms  of  the  solutions  of  the  external  field  Dirac 
equation  (Eqn.  2.11)  or  the  free  field  Dirac  equation  (Eqn.  2.8).  The  two 
choices  correspond  to  different  definitions  of  creation  and  annihilation  operators 
and  hence  lead  to  different  "no-pair"  Hamiltonians.  Expand  the  quantized  Dirac 
and  the  radiation  field  in  terms  of  electron  and  positron  field  operators  defined 
in  terms  of  solution  of  the  external  field  Dirac  equation  as  in  the  Furry  bound 
state  picture  or  interms  of  solution  of  the  free  field  Dirac  equation  as  in  the  free 
picture.  This  leads  to  analytical  expressions  for  Hmat,  Hrad  and  Hx  presented 
by  Sucher  [23,  31,  33].  The  major  difficulty  with  the  operator  Hmat  is  that  it 
does  not  conserve  the  number  of  particles.  However,  it  is  possible  to  split  off 
from  Hmat  a  "pair  part"  which  involves  the  creation  or  destruction  of  virtual 
electron-positron  pairs  and  which  can  in  many  cases  be  treated  as  perturbations, 
along  with  Hx.  The  remaining  part,  the  "no-pair  part",  then  has  a  fixed  number 
of  electrons  and  positrons  (commute  with  electron  and  positron  number  operators) 
so  that  the  eigenvalue  problem  it  poses  is  equivalent  to  the  problem  of  solving 
for  the  relativistic  many-fermion  wave  equation.  Thus  we  can  write 

Hmat  =  +  H^a?  (2.27) 


t 
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The  definition  of  the  "pair"  part  or,  equivalently  the  "no-pair  part"  of  Hmat  is 
not  unique.  The  precise  meaning  of  "no-pair"  implicitly  depends  on  the  choice 
of  external  potential,  so  that  the  operator  H^^t  depends  implicitly  on  the  external 
potential,  whereas  the  sum  Hmat  =  ^^a.t  +  ^^m^t  independent  of  the  choice 
of  external  potential.  Since  the  no-pair  part  conserves  the  number  of  particles 
(electrons,  positrons  and  photons)  we  can  look  for  eigenstates  *  of  H^^^.  in  the 
sector  of  Fock  space  with  N  fermions  and  no  photons  or  positrons.  Following 
Sucher  [31,  33,  23],  the  resulting  no-pair  Hamiltonian  in  configuration  space  can 
be  written  as 

{N  N  ,  N  .     N  •\ 

x;hD,extw+ni^fc+w(E^-t(^'^'))n^'t+(^)f*=  (2.28) 
i=l  k-i  ^i<j  '  k=i  } 

where  the  positive  energy  projection  operators  are  defined  in  terms  of  positive 
energy  eigenfunctions  tpk+ik)  of  hD,ext  (both  discrete  and  continuous)  or  hD 
(continuous)  such  that 

Ljt+  =  J2  \'^k+{k)){fpk+{k)\  (2.29) 
k 

Depending  on  the  choice  of  ■0jk+(A;);  eigenfunctions  of  the  external  field  Dirac 
equation  ho.ext  or  the  free  field  Dirac  equation  Hd,  Eqn.  2.28  represent  the  Furry 
bound  state  molecular  Hamiltonian  or  the  free  molecular  Hamiltonian. 

2.4  The  Non-Relativistic  Form  of  the  Molecular  Relativistic  Hamiltonian. 


Instead  of  a  two-component  equation  as  in  the  non-relativistic  case,  for  fully 
relativistic  calculations  one  has  to  solve  a  four-component  equation.  Conceptu- 
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ally,  fully  relativistic  calculations  are  no  more  complicated  than  non-relativistic 
calculations,  but  they  are  computationally  demanding,  in  particular,  for  correlated 
molecular  relativistic  calculations.  Unless  taken  care  of  at  the  outset,  spurious 
solutions  can  occur  in  variational  four-component  relativistic  calculations.  In 
practice,  this  problem  is  handled  by  employing  kinetically  balanced  basis  sets. 
The  kinetic  balance  relation  is 

This  relation  becomes  exact  only  in  the  non-relativistic  limit.  If  a  basis  set  is 
chosen  in  which  the  small  and  large  components  do  not  fulfil  this  condition, 
convergence  to  the  non-relativistic  limit  upon  enlarging  the  value  of  c  is  not 
possible.  Such  a  lack  of  balance  between  the  large  and  small  components 
manifests  itself  by  giving  too  small  a  value  for  the  kinetic  energy  in  that  limit. 
Consequently,  two  different  atomic  orbital  basis  functions  for  the  large  and  small 
components  is  required.  This  result  in  large  storage  requirements  and  expensive 
two  electron  integral  evaluation.  However,  Dirac  Hartree-Fock  (DHF)  (four 
component)  calculations  of  atoms  and  simple  diatomics  are  routine  today  and 
correlated  fully  relativistic  molecular  calculations  are  rapidly  emerging  [32]. 

An  attractive  alternative  is  to  use  a  two-component  equation  derived  from  a 
decoupling  of  the  "large"  and  "small"  components  of  the  four-component  equation. 
By  decoupling  of  the  "large"  and  "small"  components  (equivalently  positive  and 
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negative  solutions)  the  Dirac  equation  would  in  effect  be  reduced  to  the  non- 
relativistic  form  (NRF).  Furthermore,  the  decoupling  would  allow  us  to  focus  on  a 
particular  component,  basically  the  positive  energy  component,  since  the  processes 
that  we  are  interested  in  studying  does  not  involve  positrons  or  positron-electron 
pair  creation.  At  least  in  principle,  the  decoupled  equations  can  be  expanded  in 
terms  of  powers  of  cP'  which  in  turn  can  be  used  to  obtain  the  non-relativistic 
limit  (NRL)  by  taking  the  limit  a  — >  0. 

First,  we  consider  the  NRF  and  NRL  of  the  one-electron  external  field  Dirac 
equation.  Before  we  continue  any  further,  let  us  rewrite  the  Eqn.  2.12,  for  a 
fermion  in  an  external  radiation  field 


respectively.  Note,  that  Eqn.  2.31  is  written  for  stationary  states  and  also  the 
whole  energy  spectrum  is  shifted  by  -mc^,  so  that  a  direct  comparison  with  the 
non-relativistic  result  is  feasible.  It  is  important  to  note  that  decompostion  into 
small  and  large  components  is  stricdy  valid  only  for  the  one-electron  case. 

Since  the  introduction  of  the  Dirac  equation  [7,  8],  there  have  been  numerous 
studies  on  the  problem  of  decoupling  it  into  a  two-component  equation  and  its 
NRL.  The  problem  is  that  the  Dirac  equation  does  not  have  an  obvious  NRF  or 
NRL.  In  order  to  write  the  Dirac  equation  in  NRF  or  to  establish  the  NRL  one 


(2.31) 


where,  ^  = 


,  =  I  and  t/^L  and  V^s  are  the  large  and  small  component 


must  first  manipulate  the  Dirac  equation.  A  recent  review  by  Kutzelnigg  [39,  40] 
gives  a  detailed  exposition  of  various  approaches  and  the  difficulties  that  arise 
in  the  form  of  divergent  terms  and  singularities.  In  these  approaches,  usually, 
one  first  derives  an  effective  Hamiltonian  which  acts  on  two-component  wave 
functions  and  which  is  supposed  to  have  the  same  eigenvalues  as  the  original  four 
component  Hamiltonian,  before  one  takes  the  non-relativistic  limit  or  formulates 
a  perturbation  series  in  terms  of  a^.  We  can  classify  all  of  these  approaches  into 
three  broad  categories. 

First,  the  method  for  the  large  component  of  the  Dirac  spinor.  In  this 
category,  the  elimination  of  the  small  component  (ESC)  is  the  simplest  and 
most  straightforward  [41].  It  simply  involves  an  elimination  of  the  "small" 
component  in  order  to  derive  a  Hamiltonian  for  the  "large"  component.  The 
resulting  Hamiltonian  is  Hermitian,  energy-dependent  and  acts  on  two  component 
spinors.  Its  eigenfunctions  are  identical  to  the  large  component  of  the 
Dirac  spinor  if}.  In  the  second  category,  the  Foldy-Wouthuysen  (FW)  or  related 
transformations  convert  the  Hamiltonian  in  Eqn.  2.31  into  a  block  diagonal  form 
by  a  unitary  transformation  [42].  This  results  in  an  energy-independent,  Hermitian 
Hamiltonian  which  acts  on  a  two  component  spinor,  but  the  eigenfunctions  of  this 
Hamiltonian  are  no  longer  the  large  component  of  the  Dirac  spinor.  The  methods 
in  the  third  category  leave  the  four-component  form  of  the  equation  intact,  but 
treat  the  positive  and  negative  energy  states  differently  by  different  choices  of  the 
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metric.  They  can  be  derived  from  the  direct  perturbation  theory  approach  (DPT) 
of  Kutzelnigg  [39].  In  the  following  discussion,  all  of  the  above  three  categories 
are  presented  as  special  cases  of  the  general  theory  of  effective  Hamiltonians 
[43].  This  procedure  will  help  us  to  identify  elements  common  in  each  method, 
problems,  and  possible  soultions. 

Let  us  rewrite  the  Dirac  equation  (Eqn.  2.31),  with  an  added  arbitrary  real 
parameter  z, 

where  the  use  of  z  will  become  clear  later  on. 

Now,  consider  an  arbitrary  but  non-singular  transformation  U,  as  yet  unspec- 
ified, of  the  old  basis  ip,  into  a  new  basis  t/?,  such  that  i/>  =  U~^^.  Then  Eqn. 
2.32  becomes 

(UthU)U-V  =  E(UtU)U-V  (2.33) 
Let  us  define  a  transformed  Hamiltonian  as  h, 

and  define  the  metric  S, 

S  =  U+U  (2.35) 

and  rewrite  Eqn.  2.33, 

hU- V  =  ESU- V  (2.36) 
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As  we  can  see  from  Eqn.  2.36,  t/>  is  an  eigenfunction  of  the  transformed  Hamil- 


Basically  this  implies  that  instead  of  diagonalizing  the  full  Hamiltonian  for  the 
whole  energy  spectrum,  one  can  diagonalize  the  effective  Hamiltonian  to  obtain 
a  subset  of  eigenvalues.  The  form  of  U  needs  to  be  determined  such  that  both 
h  and  S  are  block-diagonal.  The  transformed  Hamiltonian  is  Hermitian,  but  in 
general  corresponds  to  a  non-unit  metric. 

Alternatively  we  may  use  a  similarity  transformation 


and  define  a  similarity  transformation  h,  h  =  U~^hU  which  does  not  involve 
a  metric.  The  similarity  transformed  Hamiltonian  is  not  necessarily  Hermitian, 
but  a  Hermitian  effective  Hamiltonian  can  be  derived  from  it  by  an  additional 
transformation  commonly  known  by  the  name  des  Cloizeaux  [44].  When  U 
is  chosen  to  be  unitary,  the  similarity  transformed  Hamiltonian  is  automatically 
Hermitian  and  the  unitary  similarity  transformations  are  commonly  known  in  the 
literature  as  Hermitian  Similarity  transformations. 

The  FW  transformation  is  in  effect  equivalent  to  a  Hermitian  similarity 
transfomation.  Following  van  Lenthe  et  al.  [45],  we  can  parametrize  the  unitary 
transformation  U,  as  follows 


tonian  h  with  the  normalization  (t^|S|t/;)  and  the  eigenvalues  remain  unchanged. 


(U-ihU)U-V  =  EU"^ 


(2.37) 


(2.38) 
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Here,  X  is  to  be  determined  by  imposing  that  the  resulting  transformed  Dirac 
Hamiltonian  is  block  diagonal.  It  is  fairly  easy  to  see  that  this  leads  to  an 
equation  for  X 


X(^)  =  ^{cX  (T.UX  -  c(T.U  +  [(#  +  z)I,  X]) 


(2.39) 


and  the  effective  Hamiltonian  hn  and  wave  function  xf)^^ 


(I  +  XtX)i/2((g,^  +  2)1  -  c(T.PX)(I  +  XtX)-i/2 


=  (E  +  z)il>^^ 
The  FW  Hamiltonian  h^^, 
hFW^FW  ^ 


(2.40) 


(2.41) 


(I  +  x^x)i/2(^^i  _  c<^_px)(i  +  xtx)-V2 

follows  directly  from  Eqns.  2.39  and  2.40  by  putting  the  arbitrary  parameter  z 
to  zero.  Here,  is  the  FW  two-component  wave  function.  As  we  can  see 
from  Eqn.  2.41,  the  FW  Hamiltonian  is  energy  independent  and  Hermitian.  It  is 
also  important  to  note  that  the  Hermiticity  of  h^^  is  guaranteed  only  for  exact 
X.  Now,  we  can  write  the  FW  wave  function  in  terms  of  the  solutions  of  the 
original  Dirac  Hamiltonian.  Since  (         J  is  an  eigenfunction  of  the  similarity 

transformed  Hamiltonian,  one  can  write 

/  FW 

\_f  {1  +  xtx)- V2    _xt(i  +  xtx)- V2  \  /^L \ 

Q  ;  -  \^X(I  +  XXt)- V2  (I  +  xXt)- 1/2  j  ^  j  (2.42) 

We  can  use  the  Eqn.  2.42,  to  write  an  expression  for  i/;^^,  in  terms  of  •^l  as, 

tA^^=(l  +  Xtx)%L  (2.43) 


( 
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As  we  can  see,  the  FW  two-component  wave  function  is  not  the  large  component 
of  the  Dirac  spinor,  but  it  is  related  to  it  by  an  expression  involving  X. 
Consider  a  similarity  transformation  based  on  U  parametrized  as 

In  this  case,  X  is  to  be  determined  by  requiring  that  the  off-diagonal  blocks 

of  the  resulting  transformed  Dirac  Hamiltonian  vanishes.  It  can  be  shown  that 

the  equation  for  X  is  identical  to  the  one  we  obtained  in  the  case  of  a  unitary 

transformation  as  given  in  Eqn.  2.39.  In  this  case  the  effective  Hamiltonian  hn 

and  wave  function         can  be  written  as 

hni/;'^  =  [((#  +  z)l  -  ctT.PX)]ip^« 

(2.45) 

=  (E  -I-  z)xl}^^ 

The  ESC  Hamiltonian  is  obtained  by  substituting  z  =  -E  in  Eqn.  2.45, 

h^SC^ESC  ^  (^^j  _  e^.px)t/;ESC 

(2.46) 

=  Et/^ESC 

Similar  to  the  FW  case,  one  can  write 


( 


0  ^^^^ 


(2.47) 


resulting  in  t/'^^^  =  •0L-  That  is,  in  contrast  to  the  FW  Hamiltonian,  the  large 
component  of  the  Dirac  spinor  is  an  eigenfunction  of  the  two  component  ESC 
Hamiltonian.  Let  us  rewrite  Eqn.  2.39  when  z  =  -E  and  rearrange  to  obtain 

/       (q(i)-E)\  1 

V  -  =  wt'^'^-"^  -  '""^  -  ^(^^  -  (2.48) 
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Rearranging  Eqn.  2.46  we  get 

{q(l>  -  E)ip^^^  =  CCT.PXV^^^  (2.49) 

Multiply  Eqn.  2.49  on  left  by  X.  Then,  the  result  is  true  for  all  rp^^^,  we  can 
substitute  for  X(9<?!>  -E)I  in  Eqn.  2.48  to  get  a  simplified  expression  for  X, 

(i   (g^-E)w^ -^^-n 

^  _  -ck  o-.n  ^^-^"^ 

where  k  =  Now  substitute  for  X  in  Eqn.  2.46  to  get  the  ESC 

Hamiltonian  h^^*-', 

h^c^  =  [,*I+<^i2MlV.L  =  EV„  (2.51) 

As  seen  from  Eqn.  2.51,  the  ESC  Hamiltonian  is  energy  dependent  and  Hermitian. 
For  a  fixed  value  of  E,  the  ESC  Hamiltonian  can  be  diagonalized  and  the  resulting 
solutions,  in  principle,  form  a  complete  orthonormal  set.  The  eigenfunctions  of 
h^^^  are  identical  to  the  large  component  of  the  Dirac  spinor. 

When  2  =  0,  Eqns.  2.39  and  2.45  gives  us  the  similarity  transformed 
Hamiltonian  h^^, 

h^^th.  =  {q(t>l  -  c(T.PX)t/jL  (2.52) 

Note  that  the  h^"^  is  non-Hermitian  and  energy  independent.  Moreover,  the  large 
component  of  the  Dirac  spinor  is  an  eigenfunction  of  h^'^.  The  Hamiltonians 
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h^^  and  h^^^  are  equivalent  insofar  as  they  have  the  same  eigenvalues  and 
eigenfunctions.  They  are  indeed  grouped  together  as  derived  from  the  methods 
for  large  components.  The  des  Cloizeaux  [44]  transformation  of  h^'^  will  give 
us  a  Hermitian  similarity  transformed  Hamiltonian  which  is  identical  to  the  FW 
Hamiltonian  given  in  Eqn.  2.41. 

So  far  our  derivations  leading  to  the  FW,  ESC  and  ST  Hamiltonians  are 
formally  rigorous.  However,  to  be  useful,  the  FW,  ESC  and  ST  Hamiltonians 
given  in  Eqns.  2.41,  2.51  and  2.52  need  to  be  rewritten  with  appropriate  X  given 
in  Eqn.  2.39.  Conveniently,  we  can  solve  for  X  by  iterating  Eqn.  2.39  with  the 
outcome  an  expansion  in  terms  of  a^: 

3  3 

^  ^  ~  2^'^-"  "  ^t^*^^'         +  ^{a.U){cr.U){cT.Il)  +  •  •  ■  (2.53) 

Now,  substituting  for  X  in  Eqn.  2.41  we  get  the  FW  or  equivalent  Hermitian 
similarity  transformed  Hamiltonian  which  is  an  expansion  in  terms  of 

•'™=     +  2S;(-n)'  -  ^(<T.n)^  +  ^[(..n)  ,[,*,  (..n)]] 

(2.54) 


and  the  corresponding  wave  function 


2 

"^^^  ^"^^  ^^^'^-^^''^^  +  ■  •  •  (2.55) 


Here,  order  of  magnitude  of  the  terms  in  the  expansion  being  determined  on  the 
basis  of  orders  of  magnitude  of  </>  ~  mc^a^  and  a.Ii  ~  nuP'o^.  We  only  retain 
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the  terms  up  to  order  of  magnitude  mxP'a^  or  simply  speaking  expand  through 
first-order  in  a^.  Higher  order  terms  quickly  become  cumbersome  to  evaluate. 
However,  this  is  not  a  serious  disadvantage,  since  higher  order  corrections  are 
not  very  often  observed  to  be  important  at  present.  In  addition,  at  higher  orders 
radiative  corrections  become  important  and  QED  treatments  become  essential. 

In  case  of  the  Coulomb  potential  {(j)  oo  l/|r|,  where  r  is  the  position  vector  of 
the  fermion  with  respect  to  an  arbitrary  origin)  commutators  such  as  [(f>,  {ar.Ilf] 
would  give  us  terms  which  are  proportional  to  l/|r"|  (here  n  is  an  integer  greater 
than  1)  in  the  expansion  for  h^^'  in  Eqn.  2.54.  When  such  operators  act  on  well- 
behaved  wave  functions  they  may  give  terms  which  are  proportional  to  l/|r|, 
and  singular  when  |r|  ->  0.  Terms  such  as  (cr.II)^  in  the  expansion  lead  to  a 
higher-order  differential  equations  and  there  may  not  be  enough  constraints  in  the 
problem  to  find  quantized  solutions.  These  terms  also  become  very  large  for  the 
particles  with  higher  momentum  and  for  such  cases  the  above  expansion  is  not 
justified.  Similar  problems  arises  in  the  FW  wave  function  too.  As  shown  in  Eqn. 
2.55,  the  FW  wave  function  can  also  be  written  as  an  expansion  in  in  terms 
of  the  large  component  of  the  Dirac  spinor  which  is  a  well  behaved  function. 
For  Coulomb  potentials,  as  in  the  case  for  the  Hamiltonian,  there  will  be  terms 
in  the  expansion  which  are  proportional  to  pyi/'L  (n  is  a  positive  integer).  This 
clearly  shows  that  the  FW  wave  function  truncated  at  some  finite  order  in 
can  be  divergent.  The  zeroth-order  wave  function  is,  of  course,  well-behaved. 
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In  conclusion,  the  perturbation  expansion  in  Eqn.  2.54  is  not  valid  for  Coulomb 
potentials  for  small  values  of  r. 

As  shown  by  Chang,  Pelisser  and  Durand  (CPD)  [46]  a  regular  expansion, 
however,  can  be  deduced  by  isolating  the  Coulomb  singularity  by  infinite  sum- 
mations. Let  us  rewrite  the  Eqn.  2.39,  when  z  =  0 

J  (2.56) 

X  =  ^— "2  [cXo-.nx  -  c(T.n  -  Xq4>] 

where  f  =  (1  -  ^^)~^.  An  iterative  solution  of  Eqn.  2.56  leads  to  a  regular 
expansion  for  X  in  terms  of  f 

=  ^"-n  -  l^*''"'"*  -  ^(-■n)(..n)f(<..n)  +  ...  (2.57) 

It  is  clear  from  Eqn.  2.57,  that  the  CPD  expansion  is  free  from  potentially 
problematic  commutators  in  FW  or  ESC.  Now,  substituting  for  X  in  Eqn.  2.41 
we  get  an  expansion  similar  to  the  one  given  in  Eqn.  2.54.  Although  the  CPD 
expansion  is  free  from  Coulombic  singularities,  it  is  divergent  for  particles  with 
large  momenta  and  should  in  principle  only  be  used  for  slow  moving  particles. 
Application  of  CPD  or  related  expansions  to  atomic  and  molecular  relativistic 
calculations  have  been  reported  [47,  48,  45]. 

As  we  can  see  from  Eqn.  2.50,  in  the  case  of  ESC  the  expression  for  X  is 
much  simpler  and  iterative  solution  gives  an  expansion  in  terms  of 

^  -  -l^^T"  ^  ^  I  -   +  •  ■  •  (2-58) 
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This  expansion  is  valid  only  when  [qcj)  -  E)  <  2mc^.  For  the  Coulomb  potentials 
when  |r|  — >  0  this  assumption  breaks  down  and  the  expansion  is  unjustified. 
Clearly,  the  expansion  above  is  valid  only  for  regular  potentials  such  that  the 
classical  velocity  of  the  particle  is  everywhere  small  compared  to  the  velocity  of 
light.  On  the  assumption  that  such  an  expansion  is  justified,  substitution  in  Eqn. 
2.51  gives  the  ESC  Hamiltonian  as  an  expansion  of 

((T.n)(#  -  E)2((T.n)  4  ^^-'^^ 

+   8^;^^^  ••• 

The  ESC  Hamiltonian  is  energy  dependent  and  not  very  useful  for  higher  orders. 

The  FW  Hamiltonian  (Eqn.  2.54)  or  identical  Hermitian  similarity  trans- 
formed Hamiltonian  truncated  at  order  gives  the  widely  used  Pauli  Hamilton- 
ian. The  resulting  Hamiltonian  has  terms  up  to  order  of  magnitude  mc^a^  as  one 
can  see  from  Eqn.  2.54,  since  the  order  of  magnitude  of  both  q(f>  and  cr.n  are 
proportional  to  nu?a^.  The  Pauli  Hamiltonian  can  also  be  derived  from  truncat- 
ing the  ESC  Hamiltonian  Eqn.  2.59,  at  order  o^.  The  Pauli  Hamiltonian  often 
regarded  as  a  valid  approximation  to  the  exact  FW  Hamiltonian  (not  expanded  in 
powers  of  a^).  However,  as  we  have  already  seen  in  the  previous  analysis,  the 
expansion  of  the  FW  Hamiltonian  in  terms  of  is  singular  for  small  |r|  and  in 
fact  the  Pauli  Hamiltonian  is  a  very  poor  approximation  to  the  exact  FW  Hamil- 
tonian in  this  region.  Consequently,  an  assessment  of  the  accuracy  of  the  Pauli 
Hamiltonian  is  necessary  before  it  can  be  used  in  electronic  structure  calculations. 
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This  is  usually  done  by  comparison  of  the  numerical  results  obtained  by  using 
the  Pauli  form  with  the  full  four-component  relativistic  calculations. 

However,  it  is  more  appropriate  to  provide  theoretical  justifications  for  such 
use.  In  this  respect,  first,  we  introduce  the  third  category  of  decoupling  of  positive 
and  negative  states  commonly  known  as  the  "direct  perturbation  theory"  (DPT). 
This  approach  does  not  suffer  from  the  singularity  problems  described  previously. 
However,  the  four-component  form  of  the  Dirac  equation  remains  intact.  The 
new  Hamiltonian  requires  identical  computational  effort  as  for  the  Dirac  equation 
itself,  hence  is  not  an  attractive  alternative  to  the  Dirac  equation.  However,  it  is 
useful  to  assess  the  accuracy  of  approximate  two-component  forms  derived  from 
the  Dirac  equation  such  as  the  Pauli  Hamiltonian. 

Consider  the  transformation  matrix  U 


(2.60) 


and  corresponding  metric  S 


(2.61) 


and  the  transformed  wave  function  t/j 


(2.62) 
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Next,  use  the  general  transformation  defined  in  Eqn.  2.33,  since  we  have  a  non 
zero  metric.  Substituting  for       U  and  S  in  Eqn.  2.33  with  2  =  0  yields 
f  q(l>l     a.U\     J_/0     0  ' 


=  E|3   -II        1  + 


E/0 

Hence,  the  non-relativistic  limit  of  the  Dirac  equation  with  c-dependent  metric  is 


q(i)l  cr.n  \ 
cr.n    -2m ) 


This  non-relativistic  equation  in  terms  of  four-component  spinors  has  been  studied 
in  detail  by  Levy-Leblond  [49,  50],  who  has  shown  that  it  results  automatically 
from  a  study  of  the  irreducible  representations  of  the  Galilei  group  and  that  it 
gives  a  correct  description  of  spin.  It  is  easy  to  see  that  in  the  absence  of  an 
external  magnetic  field  Eqn.  2.64  is  equivalent  to  the  Schrodinger  equation  in  the 
sense  that  after  elimination  of  the  'small  component' 

<T.Pi/jL  (2-65) 

ws  =  — 

2mc 

we  get  the  Schrodinger  equation 

q(l>i>L  +  ^  =  Et/;l  (2.66) 

Assuming  l/c^  as  the  perturbation  parameter  the  first-order  energy  can  be 
written  as 
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or  in  two-component  form 


EW(DPT)  =  (V-r^K,*  -  E<"))|^<>)  (2.68) 


We  can  use  the  relation 


|(..nMT.n)^^^|,^(o))^E,o)|^(o)^  (2.69) 

to  rewrite  Eqn.  2.68 

^  /■^,.(o)|g(^-n)(^(^-n)  _  (o-.n)^  _  ^(o-.n)^,^  jp)     .2  70) 

I        4^2  8m3  4m2     '"^L  / 

where  hf     ^  £(^i5)|(^  _         _  £(£^.  similarly,  the  first-order  energy 

obtained  from  the  Pauli  Hamiltonian  given  in  Eqn.  2.54  can  be  written  as 

E(i)fFW)  =  /w,(0)|^(^^nM^  _  (^-n)'  _  q[{<T.Uf,4>U,,(0). 

^      ^     \"^L  I  8m2       '^L  /  ^^vi) 

=  (V.[«)|hfW|^(0)) 

where  hf w  =  £(^iig(-ii)  _         _  j^ppj,    ^  ^^^.^e^^^^^ 

operator.  Noting  that  the  expectation  value  of  a  real  non-Hermitean  operator 
is  equal  to  the  expectation  value  of  its  Hermitean  part,  the  equivalence  of 
the  two  first-order  energies  is  obvious.  The  difference  in  two  Hamiltonians 
hf^  -  hfP°  =  \[{a.Ilf,(j)]  is  responsible  for  the  singularities  in  hf^  higher 
orders  of  perturbation  theory.  But  as  shown  above  this  fact  does  not  affect  the 
first-order  energy  in  Eqn.  2.71. 
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So  far  our  discussion  of  the  NRF  and  the  NRL  of  the  relativistic  Hamiltonians 
has  been  limited  to  the  one-fermion  external  field  Dirac  equation.  For  the  many- 
fermion  case  the  picture  is  not  so  simple.  For  example,  in  the  case  of  two  fermions, 
the  wave  function  has  sixteen  components:  four  components  representing  both 
particles  having  positive  energy  states,  another  eight  components  representing  one 
particle  having  positive  energy  states  and  the  other  particle  having  negative  energy 
states  and  the  other  four  components  representing  both  particles  having  negative 
energy  states.  Consequently,  we  can  not  decompose  the  full  wave  function  into 
two  group  of  components,  one  having  only  positive  energy  states  and  the  other 
having  only  negative  energy  states  or  equivalently,  we  cannot  write  the  many- 
fermion  Hamiltonian  in  the  form  given  in  Eqn.  2.31  contrary  to  what  has  been 
done  in  the  literature  in  some  occasions  [51].  The  decoupling  of  positive  energy 
components  from  negative  and  mixed  (both  positive  and  negative)  components  to 
establish  the  NRF  or  NRL  of  many-fermion  Hamiltonian  is  conceptually  similar  to 
the  one-fermion  case  but  the  mathematics  involved  is  laborious.  The  two-fermion 
problem  is  manageable  but  tedious. 

Consequently,  we  have  to  adopt  an  intelligent,  and  at  the  same  time  accurate, 
scheme  to  obtain  the  NRF  of  the  many  electron-Hamiltonian.  Two  such  schemes 
have  been  used  in  the  literature.  The  first  one  involves  a  rigorous  derivation  of  the 
NRF  of  the  two-fermion  DBC  Hamiltonian  and  directly  extends  the  resulting  non- 
relativistic  Hamiltonian  to  many-fermion  systems.  The  advantage  of  this  scheme 
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is  that  the  order  of  each  term  in  terms  of  mc^a^  (n  is  a  postive  integer)  can  be 
determined  without  any  ambiguties.  However,  the  physical  significance  of  the 
individual  terms  is  not  quite  clear  from  the  way  they  are  derived.  In  the  other 
scheme,  the  NRF  of  the  one-fermion  Hamiltonian  (Eqn.  2.54)  is  extended  directly 
to  the  many-fermion  case.  The  Coulomb  and  Breit  interaction  terms  are  added 
later  on  recognizing  the  fact  that  they  are  formally  of  order  mc^a^  in  a  molecular 
environment.  The  effect  of  other  moving  charged  particles  to  the  vector  potential 
has  to  be  taken  into  account  in  the  derivation.  Contrary  to  the  former  procedure, 
there  are  ambiguities  in  the  order  of  certain  terms  in  the  expansion  [10].  For  this 
reason  the  latter  approach  is  not  entirely  satisfatory,  but  it  does  have  the  advantage 
of  exhibiting  the  origin  of  the  each  term  in  the  Hamiltonian  and  it  allows  physical 
interpretation  to  be  given  to  each.  Here,  we  adopt  the  first  approach. 

Both  FW  and  ESC  methods  have  been  applied  to  decouple  the  positive  energy 
states  from  the  negative  and  mixed  states  of  the  two-fermion  DBC  Hamiltonian 
[52-54].  Since  we  are  only  interested  in  positive  energy  solutions,  we  may  start 
from  the  original  two-fermion  DBC  Hamiltonian  without  positive  and  negative 
energy  projection  operators.  The  two-fermion  DBC  Hamiltonian  for  stationary 
states  can  be  written  as 


(2.72) 
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where 


Bi2 


=  -  -[ai.a2  + 


(2.73) 


As  in  the  one-fermion  case,  the  whole  energy  spectrum  is  shifted  by  — (mi+m2)c^, 
so  that  the  direct  comparison  with  the  non-relativistic  results  is  feasible.  Following 
the  notation  introduced  by  Foldy  and  Wouthuysen  one  can  write 


Here,  E  represents  an  even  operator,  that  is  one  that  has  no  matrix  elements 
between  positive  and  negative  energy  components  while  O  is  an  odd  operator 
having  only  matrix  elements  between  positive  and  negative  energy  components. 
The  conditions  for  an  operator  to  be  even  or  odd  can  be  expressed  more  formally; 
an  even  operator  must  commute  with  /3:  =  0  while  an  odd  operator  must 

anticommute  with  =  0. 

As  mentioned  earlier,  the  concepts  involved  in  the  two-fermion  case  are 
essentialy  the  same  and  also  the  expansion  in  terms  of  have  the  similar 
problems  as  in  the  one-fermion  case.  Consequently,  we  have  chosen  to  give 
only  the  final  form  of  the  Hamiltonian  and  refer  to  Barker  and  Glover  [54]  for 
mathematical  details.  The  NRF  of  the  two-fermion  Hamiltonian  can  be  written 


2 


EO  =  ai.Hi 


(2.74) 


OE  =  a2.n2 
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in  terms  of  the  operators  defined  in  Eqn.  2.74  as 


H  =  +  ^{SOf  +  -  -%{eO)^  -  ^iO£)^  +  iSE) 

(2.75) 

Here,  we  only  keep  terms  having  order  of  magnitude  mc^o;^.  One  can  compare 
this  expansion  with  the  one-fermion  Pauli  expansion  presented  in  Eqn.  2.54, 
given  the  fact  that  in  the  one-fermion  case  E  =  q<\)\  and  O  =  cr. 11.  We  can 
simpHfy  this  expression  by  expanding  the  commutators  and  with  the  extensive 
use  of  vector  algebra.  The  resulting  two-fermion  Hamiltonian  can  be  extended 
to  many-fermions  quite  trivially  and  the  NRF  of  the  many-fermion  Hamiltonian 
can  be  written  as 


H 


2m,: 


m,: 


i 

8  ^     mf         8  ^     m?         T  ^  ^-3 


^  qiiv.Ej)  _L  ^  X  Ai)(ni.no 


mf 


(2.76) 
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_  ^2      gigjSi-(rij  Xnj)  _  o^TT  ^  Qigj  ^ 
2  /n,.(rrinj) +(n,.ro)r,f  (r,j.nj) 


1  i'  ^ 


m.-m,- 


2  ^  mim,  V    rfj  rfj  3  j 

+  0(mcV) 

It  is  important  to  note  once  again  that  (/){  and  Ai  in  Eqn.  2.76  are  the  scalar  and 
vector  potential  resulting  from  the  external  electromagnetic  radiation  field.  Also 
note  that  here,  Ej  =  and  Si  is  the  spin  of  the  i^^  particle.  We  can  identify 
each  term  in  Eqn.  2.76  as  corresponding  to  a  certain  type  of  physical  interaction 
of  moving  charged  particles.  The  list  of  physical  interpretations  of  terms  follows, 
in  the  same  order  as  the  terms  in  Eqn.  2.76. 

1.  Interaction  of  the  charged  particles  with  the  external  electric  field. 

2.  Kinetic  energy  of  the  moving  charged  particle. 

3.  Particle-particle  electrostatic  interaction. 

4.  Interaction  of  particle  spin  magnetic  moment  with  the  external  magnetic  field 
(Zeeman  term). 

5.  Relativiastic  correction  to  the  first  term  (Darwin  term). 

6.  Relativistic  correction  to  the  second  term. 

7.  Relativistic  correction  to  the  third  term. 


I 
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8.  Interaction  of  an  electron's  spin  magnetic  moment  with  the  magnetic  field 
it  experiences  by  virtue  of  its  motion  relative  to  the  external  electric  field 
(spin-orbit  term). 

9.  Interaction  of  the  spin-magnetic  moment  of  an  electron  with  its  own  orbital 
motion  due  to  the  electric  field  of  another  electron. 

10.  Interaction  of  the  spin  magnetic  moment  of  one  electron  with  the  orbital 
motion  of  another  (spin-other-orbit  term). 

11.  Relativistic  correction  to  the  third  term. 

12.  Retarded  orbit-orbit  interaction  of  one  electron  with  the  electromagnetic  field 
due  to  the  relative  motion  of  another. 

13.  Dipole-dipole  interaction  between  the  spin  magnetic  moments  of  two  electrons 
and  a  Fermi-contact  type  interaction. 

So  far  in  the  derivation  of  the  Hamiltonian  given  in  Eqn.  2.76  we  have 
not  placed  any  restriction  on  the  type  of  particles  except  that  they  are  fermions. 
If  we  limit  our  many-fermion  systems  to  be  molecules  whose  nuclei  are  point 
charges  with  spin  one-half  entities  with  proper  nuclear  masses  and  charges,  Eqn. 
2.76  describes  a  proper  molecular  Hamiltonian  when  we  introduce  the  appropriate 
notation  to  distinguish  the  nuclei  from  electrons.  In  the  case  of  electrons,  the  mass 
{me  and  electronic  charge  (e)  both  are  unity  in  terms  of  Hartree  atomic  units.  The 
mass  of  nucleus  TV  in  atomic  units  is  denoted  by  M^.  Similarly,  the  electron  spin 
Si  is  replaced  by  Ia^,  the  spin  of  the  nucleus    and  Z^e  is  used  in  place  of  charge 
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q,  where  is  the  atomic  number  of  nucleus  A^.  However,  this  approach  is  not 
problem  free  either.  It  has  been  shown  from  QED  arguments  that  the  resulting 
molecular  Hamiltonian  is  valid  only  if  we  neglect  all  the  terms  which  involve 
M^^  and  smaller  [16].  As  we  can  see  from  Eqn.  2.76,  in  fact  all  these  terms 
are  formally  of  order  mc^a^  to  begin  with  and  at  least  10~^  smaller  than  the 
corresponding  electron  terms. 

Another  potential  problem  which  can  arise  can  be  seen  by  estimating  the 
order  of  magnitude  of  the  terms  on  the  basis  of  an  electron  in  a  Bohr  orbit  of  the 
hydrogen  atom.  In  general,  when  higher  nuclear  charges  (Z^e)  are  involved  it 
is  no  longer  appropriate  to  express  the  magnitude  of  terms  in  the  Hamiltonian  in 
terms  of  mc^a".  Instead  the  terms  ca.P,  qcf)  and  qcot.A  in  the  Dirac  Hamiltonian 
are  of  order  nu?{ZNQ),  mc^{Z]s[Oif  and  mc^{Zi^af  respectively,  so  that  Z^a. 
should  be  used  as  the  expansion  parameter  rather  than  the  fine  structure  constant 
itself.  However,  since  a  is  very  small  number,  these  comments  only  become 
important  for  atoms  or  molecules  with  large  atomic  numbers,  and  then  only  for 
the  inner  electrons,  since  the  outer  electrons  are  screened  from  the  nuclei. 

Another  subtlety  is  that  the  assumption  nuclei  behave  as  Dirac  particles, 
amounts  to  assuming  that  all  nuclei  have  spin  1/2.  However,  it  is  not  uncommon 
to  have  nuclei  with  spin  as  high  as  9/2:  worse  nuclei  with  integer  spins  are  bosons 
and  do  not  obey  Fermi-Dirac  statistics.  The  only  justification  to  use  Eqn.  2.76 
for  such  a  case  is  that  the  resulting  theory  agrees  with  experiment. 
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Under  the  assumption,  we  are  in  a  position  to  extend  our  many-fermion 
Hamiltonian  to  molecules  assuming  that  the  nuclei  are  Dirac  particles  with 
anomalous  spin.  The  molecular  Hamiltonian  may  then  be  written  as 

H  =  He  +  Hiv  +  Heiv  (2.77) 

where  He  =  El+El+El+Et+El+Et+El+El+Ul+El^  +  H,"  +  H^^  +  H]3, 
Hiv  =  E],  +  E%  +  E%  +  E%  andHeiv  =  H^jv  +  +  Hj^  +  H^^  +  Hf ^  +  H?^  + 
Hjjy^  are,  respectively,  the  electronic,  nuclear  and  the  electron-nuclear  interaction 
Hamiltonian.  Expressions  for  individual  terms  in  Eqn.  2.77  can  easily  be  written 
by  substitution  of  appropriate  masses  and  charges  in  Eqn.  2.76.  In  doing  so  it  is 
helpful  to  keep  in  mind  the  interpretation  of  the  individual  terms  in  Eqn.  2.76  and 
which  particle  is  responsible  for  quantities  such  as  mass  and  charge  in  individual 
terms.  The  electronic  terms 

i 

i 

H3  =  iV  — 

'     2  ^  nj  (2.78) 

He^  =  ttJ]Si.(Vx  Ai) 

i 

h5  =  tEv.e< 
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-^E(n.n.)^ 
-yEs.-(^xA.)(n«-n,) 

_^2  ^  Si.(r;jxnj) 

=  -— ESi-(nixEi  -Ei  X  n,) 


H 


12 


a'  ^ /(S,.Sj)  _  ^(S..r^j)(S,.r,.,)  _  87r<5(r,^,^)(S^SJ^)' 


H 


13 


2  El 


nuclear  terms 


AT 

„3  _  1  ^  Zj^Zj^,  (2.19) 


jj4  _  _  ^JvlAr.(V  X  Ajv) 


N 
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and  electronic-nuclear  coupling  terms 


xj3  _  -^ivSi.(riivxniv) 
„4    _  '^ivlAr.(rjiv-xnj) 


„2 


=  -y  2.  -  3   ^  ) 


i,N 

(2.80) 

2.5  The  NMR  Chemical  Shifts  and  Indirect 
Nuclear  Spin-Spin  Coupling  Operators 

The  preceding  discussion  was  intended  to  present  a  general  survey  of  molecu- 
lar Hamiltonians,  in  both  their  relativistic  and  non-relativistic  forms.  We  focused 
mainly  on  the  approximations  involved  in  their  derivations  and  also  their  limita- 
tions, with  the  hope  that  such  a  focus  eventually  will  be  helpful  in  using  them 
intelligently  for  problems  of  interest  and  also  in  assessing  the  results  obtained.  In 
this  respect,  the  Hamiltonian  presented  in  Eqn.  2.77  is  general  and  can  be  used 
in  non-relativistic  or  relativistic  (within  limitations)  calculations  of  energetics,  dy- 
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namics  and  spectra  of  molecules  and  atoms.  Similarly,  Eqn.  2.28  can  be  used  in 
four-component,  fully  relativistic  calculations  of  such  molecular  properties. 

We  can  make  further  approximations  to  simplify  the  NRF  of  the  Hamiltonian 
presented  in  Eqn.  2.76  for  non-dynamical  properties.  For  such  properties,  we 
can  freeze  the  nuclear  movements  and  study  only  the  electronic  problem.  This 
is  commonly  known  as  the  clamped  nuclei  approximation,  and  it  usually  is  quite 
good  because  of  the  fact  that  the  nuclei  of  a  molecule  are  about  1836  times  more 
massive  than  the  electrons,  so  we  can  usually  think  of  the  nuclei  moving  slowly  in 
the  average  field  of  the  electrons,  which  are  able  to  adapt  almost  instantaneously 
to  the  nuclear  motion.  Invocation  of  the  clamped  nuclei  approximation  to  Eqn. 
2.76,  causes  all  the  nuclear  contributions  which  involve  the  nuclear  momentum 
operator  to  vanish  and  the  others  to  become  constants  (nuclear  repulsion  etc.). 
These  constant  terms  will  only  shift  the  total  energy  of  the  system.  The  remaining 
terms  in  the  Hamiltonian  are  electronic  terms  and  nuclear-electronic  interaction 

contributions  which  do  not  involve  the  nuclear  momentum  operator. 

1 

Generally,  it  is  not  required  to  retain  all  the  terms  in  the  resulting  approximate 
Hamiltonian  need  to  be  retained.  Only  those  operators  which  describe  the  actual 
physical  processes  involved  in  the  problem.  For  example,  in  the  absence  of 
an  external  electromagnetic  field,  the  non-relativistic  energy  calculations  only 
requires  retaining  the  terms  H^,  H^,  and  H^^.  Perturbative  relativistic  energy 
calcualtions  can  be  carried  out  by  including  Hf,       in  addition  to  the  terms 
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retained  for  non-relativistic  energy  calculations.  The  electron  coupled  interaction 
of  nuclear  magnetic  moments  with  themselves  and  also  with  an  external  magnetic 
field  is  responsible  for  NMR  spectroscopy.  Since  the  focus  of  this  study  is 
calculation  of  NMR  spectra  within  the  non-relativistic  framework,  we  will  take  a 
closer  look  at  the  Hamiltonian  derived  from  Eqn.  2.77  to  describe  NMR  processes. 

In  this  regard,  we  retain  all  the  terms  which  depend  on  nuclear  magnetic 
moments  of  nuclei  in  the  molecule  and  the  external  magnetic  field  through  its 
vector  potential  in  addition  to  the  usual  non-relativistic  Hamiltonian.  The  result  is 
(Hi-Hi)  ,1^-1     V-  ^iv  ,  ZnZn< 


(2.81) 

Here,  we  have  introduced  the  notation  /Xjv=  Tivljv  =  OnPn'^n  — 
^^^S^)il^)^N  and  ^  =  ^  where  is  the  Bohr  magneton  and  In 
and  are  nuclear  magneton,  nuclear  magnetogyric  ratio  and  nuclear  magnetic 
moments  of  the  nuclei  N  respectively.  Substitute  for  Hi, 

I  n,  =  P,  +  ^  =  P,  +  l5^Bx(r,-G)  (2.82) 

where  B  and  G  are  the  external  magnetic  field  strength  and  the  gauge  origin  of 
the  external  vector  potential  respectively.  Substitute  for  Hi  in  Eqn.  2.81  and  then 


56 

simplify  assuming  the  Coulomb  gauge  (V.A  =  0)  to  obtain 


^  i,N       ^  ^iN  / 

Sttv^  wo  T  ^  (B.B)[(ri-G).(ri-G)l 

i,N  i 

We  can  assign  a  formal  order  to  each  term  in  Eqn.  2.83  assuming  B  and 
7iv  as  ordering  parameters.  First,  let  us  consider  the  first-order  field  independent 
terms  in  Eqn.  2.83 


H{FC)  ^^^jN6{riN){Si.lN) 


i,N 

H{SD)  =  2^  y  7Ar  f  3(S,.r,w)(IiNr.r,iv)  _  (S^.Ijy)  N 
/f(PSO)  =  -2i^^7jvIiV 


where  P  -  Historically,  these  operators  are  known  as  Fermi-contact  (FC), 
spin-dipole  (SD)  and  paramagnetic  spin-orbit  (PSO)  operators  and  their  forms 
were  originally  derived  by  Ramsey  [55].  As  we  shall  see,  a  collection  of  second- 
order  properties,  each  of  which  involves  a  pair  of  the  these  various  first-order 
external  field  independent  operators,  contributes  to  the  indirect  nuclear  spin-spin 
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coupling  constant  tensor.  According  to  Ramsey,  the  indirect  nuclear  spin-coupling 
tensor  also  consists  of  a  second-order  contribution  involving  the  diamagnetic  spin- 
orbit  contribution  (DSO)  given  by 


The  DSO  term  involves  a  product  of  'yn  ordering  parameters  and  formally  a 
second-order  term.  As  seen  from  Eqn.  2.83,  the  DSO  term  does  not  arise  in  our 
derivation  and  requires  further  investigation.  In  this  regard,  first,  we  will  present 
another  derivation  which  will  eventually  lead  to  the  DSO  term  in  addition  to  all 
the  other  terms  given  in  Eqn.  2.83. 

In  principle,  this  additional  derivative  also  starts  from  the  many-fermion 
Hamiltonian  given  in  Eqn.  2.76.  As  discussed  earlier,  extension  of  this  equation 
to  molecules  usually  is  done  by  imposing  the  requirement  that  some  of  these 
particles  are  nuclei  which  are  assumed  to  be  fermions.  An  alternative,  but 
less  rigorous  approach  to  introduce  nuclei  is  to  consider  them  as  an  external 
perturbation  which  modifies  the  external  vector  and  scalar  potential  in  Eqn.  2.76. 
Further  approximations  can  be  made  for  non-dynamical  properties  by  invoking  the 
clamped  nuclei  approximation.  For  such  a  situation  the  external  vector  potential 
A  can  be  written  as 


//(DSO)  =  ^  E  WW  E 


(2.85) 


(2.86) 
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Retain  the  following  terms  in  Eqn.  2.76, 


and  substitute  for  11,  where  II,-  =  Pj  +  and  A,  is  given  in  Eqn.  2.86.  Expand 
the  first  term  assuming  the  Coulomb  gauge  in  order  to  obtain 


c  c 

=  Pi^  +  -Ai.Pi  +  \Ai.Ai 
c 

and  then  the  last  two  terms 

i  i,N  iN 

=  i  Yiiin  -  G)  X  VO.B  +  i  V  MiLiZil 


(2.88) 


(2.89) 


and 

>     =  4^E(B  B)(r,  -  G).(r,  -  G)  +      ^  (B.^N)(ji  -  G).r. 

i  r... 

1  ^  (B.r,)(r,  -  G)./XAr 

i,N  ^iN 


i,N  ^iN 


(2.90) 


N,N'    i  '''iN'^iN' 
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Substitute  for  from  Eqn.  2.86,  in  the  last  term  of  Eqn.  2.87  and  then  simpHfy 
to  obtain 

i^S,.(VxAO  =  l^S,.Vx(Bx(r,-G)) 

^  1  ^/3(S,.r,w)(/xjv.r,-iv)     (S^/XAr)>^  ^^-^^^ 
1  ^  87r(^(rijv)(S,-./AAr) 


c 
i,N 


The  final  molecular  Hamiltonian 


+  ^E((^'-G)xV0.B  +  ^^7ivIiV 


lj2^,_f{Si.lN)     ^{Si.riN){lN.riN)\  ^^-^^^ 
S  "  3^  2^  7iV<5(rijv)(S,-.Iiv)  +  2^   '^^  4c2   

I  i,iV  J 

+  c2   -3—3  

iV,iV'  i  'iN^iN' 

is  formulated  by  collecting  the  expressions  derived  in  Eqns.  2.88,  2.89,  2.90  and 
2.91.  The  first-order  field  independent  operators  collected  from  this  Hamiltonian 
are  identical  with  the  operators  given  in  Eqn.  2.84.  The  second-order  field- 
independent  contribution  is  identical  to  the  DSO  operator  given  in  Eqn.  2.85. 
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As  shown  from  this  derivation,  the  DSO  contribution  arises  from  A.A  type 
contributions  to  the  molecular  Hamiltonian.  Formally,  this  term  has  an  order  of 
magnitude  mc^a^  in  a  molecular  environment.  It  is  not  all  that  suprising  that  the 
DSO  term  does  not  arise  in  our  first  derivation  since  it  is  based  on  a  truncated 
Pauli  expansion  of  the  Hamiltonian  in  which  the  magnitude  of  all  the  terms  is 
mc^a^  or  less.  It  seems,  based  on  our  estimation  {mc^a^),  that  the  magnitude  of 
the  DSO  term  is  very  small.  However,  as  we  will  see  latter,  the  DSO  contribution 
is  significant  for  certain  coupling  constants  and  cannot  be  discarded.  Note  that 
our  criterion  to  estimate  the  order  of  magnitude  of  the  individual  terms  is  based 
on  an  electron  in  a  Bohr  orbit  of  the  hydrogen  atom.  On  some  occasions  this 
estimate  may  not  give  a  good  indication  of  the  actual  magnitude. 

For  example,  the  DSO  contribution  involves  a  product  of  two  gyromagnetic 
ratios  of  the  pair  of  coupled  nuclei  which  can  be  larger  for  lighter  atoms  and  hence, 
can  result  in  a  large  overall  DSO  contribution.  Ultimately,  these  complications 
are  results  of  the  expansion  of  the  Hamiltonian  in  terms  of  and  terms  which 
are  supposedly  higher  order  in  the  expansion  and,  can  sometimes,  be  numerically 
significant.  In  such  occasions  the  only  guidance  we  have  is  the  experimental 
results,  and  we  arbitrarily  incorporate  higher-order  terms  in  the  expansion  to 
improve  the  agreement  with  experiment. 

At  this  point,  it  is  appropriate  to  present  a  brief  discussion  on  the  origin  of 
the  FC  operator  ((5 -function)  in  the  two-component  form  (Pauli  form)  of  the 
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molecular  relativistic  Hamiltonian.  Many  textbooks  adopt  the  point  of  view  that 
the  FC  is  a  relativistic  effect,  which  must  be  derived  from  the  Dirac  equation 
[56,  57].  In  other  textbooks  or  review  articles  it  is  stressed  that  the  FC  is  not  a 
relativistic  effect  and  that  it  can  be  derived  from  classical  electrodynamics  [58, 
59],  disregarding  the  origin  of  the  gyromagnetic  factor  g  =  2.  In  some  textbooks 
both  derivations  are  presented  [60].  The  relativistic  derivations  suffer  from  the 
inherent  drawbacks  in  the  Pauli  expansion,  in  particular  that  the  Pauli  Hamiltonian 
can  only  be  used  in  the  context  of  the  first-order  perturbation  theory.  Moreover, 
the  origin  of  the  FC  term  appears  to  be  different  depending  on  whether  one  uses 
the  ESC  method  or  FW  transformation. 

Earlier  we  mentioned  briefly  that  the  electron  spin  is  perfectly  consistent 
with  the  non-relativistic  four-component  L6vy-Leblond  theory  [49,  50].  The  FC 
type  interaction  is  not  manifests  in  Dirac  or  L^vy-Leblond  theory.  We  shall 
show  that  on  reducing  the  four  component  L6vy-Leblond  equation  into  two 
component  form  the  FC  contribution  arise  naturally.  A  non-relativistic  electron 
in  an  electromagnetic  radiation  field  is  described  by  the  L6vy-Leblond  equation 
given  by 

--)C)^Ko  o)C)  ^'''^ 


where  (p  is  the  scalar  potential  and  11  =  p  -  4^.  We  can  rewrite  Eqn.  2.93  such  that 

f-(}>I     <T.P\_lf  0  a.A' 
\(T.P    -2m  J     c\(T.A  0 
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which  led  to  the  perturbing  operator  hi  =  —  ^  ^  ^ .  Hence,  the  first- 


order  perturbed  energy  can  be  written  as 

■"■=-'C)<.v.^).c:). 

or  in  two  component  form 

^^'^  =  -  2^{<'"-P^L°V.At/.[°))  +  (V^[°)|(cT.A)(^.P)|<))}  (2.96) 
One  can  use  the  "turnover-rule"  for  a.P  and  get 

^'"=-i{<<lt''-P-''-^l-l<'>}  (2.97) 
which  is  straightforward  if  A  is  regular  at  the  origin,  and  which  is  still  valid  for 
singular  A  if  the  derivative  implicit  in  p  is  taken  in  the  "distribution  sense"  [61]. 
This  can  be  further  simplified  to  obtain 

E^'^  =  -  ^{(^L^|P-A+A.P+iCT.(PxA)  -f  2(T.(AxP)|t/;[°^)}  (2.98) 
The  vector  potential  created  by  spin  of  a  nucleus  with  a  magnetic  moment  fi, 

A  =  —  (2.99) 

is  singular  at  the  origin.  As  a  result  we  must  take  the  derivatives,  implicit  in  Eqn. 

2.98,  in  the  "distribution  sense".  This  means  that  V  x  A  consists  of  two  terms, 

one  in  which  the  derivatives  are  taken  in  usual  function  sense,  and  an  extra  term 

^     .         /i     3(/x.r)r  2u,6(r) 

^^^  =  -^3+^73-^  +  -^  (2.100) 
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This  shows  that  the  FC  operator  arises  as  an  artifact  if  one  wants  to  describe  the 
hyperfine  interaction  by  first-order  perturbation  theory  in  terms  of  two-component 
spinors.  In  other  words,  when  singular  functions  are  involved,  the  boundary 
conditions  cannot  be  ignored.  These  give  rise  to  the  FC  operator. 

2.6  Conclusion 

In  this  chapter  we  have  presented  a  detailed  discussion  of  relativistic  and 
non-relativistic  forms  of  molecular  Hamiltonians.  We  have  focused  on  the 
problems  associated  with  extending  "Dirac's  one  fermion  theory"  smoothly  to 
many-fermion  systems.  A  brief  discussion  of  QED  many-fermion  Hamiltonians 
also  was  given.  A  comprehensive  account  of  the  problem  of  decoupling  Dirac's 
four-component  equation  into  two-component  form  and  the  serious  drawbacks  of 
the  Pauli  expansion  were  presented.  The  origins  of  the  DSO  and  FC  operators 
have  been  addressed.  In  conclusion,  the  working  Hamiltonian  which  we  will  use 
in  the  following  chapters  to  describe  NMR  spectra  is  given  in  Eqn.  2.92. 


CHAPTER  3 

MOLECULAR  STATIC  SECOND-ORDER  PROPERTffiS 
3.1  Introduction 

The  subject  of  molecular  properties  in  principle  involves  all  observable  as- 
sociated with  isolated  molecules,  clusters,  and  solids.  This  study  is  concerned 
with  isolated  molecules.  The  molecular  properties  can  be  static  or  dynamic  (fre- 
quency or  time  dependent);  first,  second,  or  higer  order;  and  one-  or  two-particle 
type.  First-order  one-particle  properties  include  dipole  moments,  electric-field 
gradients,  spin  densities  and  so  forth.  Polarizabilities  and  certain  contributions 
to  the  NMR  chemical  shifts  and  spin-spin  coupling  constants  are  examples  of 
one-particle,  second-order  properties.  The  two-particle  spin-orbit  contribution  is 
a  two-particle,  first-order  property.  For  convenience,  we  can  classify  them  broadly 
into  three  rough  but  somtimes  overlapping  categories 

1.  External  properties. 

2.  Internal  properties  and  fine  structure. 

3.  Energy  properties. 

The  first  category  describes  the  response  of  a  molecule  to  externally  applied 
fields.  This  category  of  properties  are  of  pivotal  importance,  since  they  include 
a  response  of  a  molecule  to  an  external  electromagnetic  radiation,  and  hence 
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all  of  spectroscopy  is  within  its  scope.  It  also  includes,  multipole  moments, 
polarizabilities  and  susceptibilities,  etc.  A  less  obvious  example  in  this  category 
would  be  intermolecular  interactions  of  molecules  due  to  induced  fields  in  the 
absence  of  external  fields.  Intermolecular  forces  are  usually  considered  as  an 
example  in  the  third  category,  however. 

The  second  category  includes  the  fine  structure  terms  which  arise  because  of 
(usually  small)  relativistic  interactions.  They  involve  the  coupling  of  electronic 
and  nuclear  spins,  both  with  each  other  and  with  other  terms.  Examples  are  spin- 
orbit  and  spin-spin  interactions.  Sometimes  there  are  couplings  between  electron 
spin  and  external  fields.  Such  couplings  are  important  in  the  study  of  electron 
paramagnetic  resonance  (EPR)  and  NMR  spectroscopy. 

The  final  category,  energy  properties,  includes  potential  surfaces,  together 
with  their  features  such  as  minima  and  saddle  points  which  are  important  in  the 
study  of  molecular  reactions  and  stability.  Energy  properties  also  include  transi- 
tion energies  between  electronic  states  and  related  quantities  such  as  ionization 
and  attachment  energies. 

It  is  well  known  that  since  the  beginning  of  molecular  quantum  mechanics, 
observables  can  be  evaluated  as  expectation  values 

(O)  =  (*|6|*)  (3.101) 
where  O  is  a  Hermitian  operator  representing  the  physical  quantity  in  question. 
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and  1^)  is  a  normalized  eigenf unction  of  the  stationary  state  Schrodinger  equation 


H  is  usually  the  non-relativistic  Bom-Oppenheimer  [62]  Hamiltonian  for  the  sys- 
tem under  consideration.  For  exact  normalized  \^),  there  is  an  exact  equivalence 
between  the  expectation  value  and  the  energy  derivative 


which  is  commonly  known  as  the  Hellmann-Feynman  theorem  [63].  Here  A 
is  an  ordering  parameter  and  the  perturbed  Hamiltonian  for  the  system  under 
consideration  is  given  by  H  =  Ho  +  \d. 

In  terms  of  time-independent  perturbation  theory,  the  expectation  value  given 


assuming  that  the  solution  to  the  non-relativistic  Bom-Oppenheimer  Hamiltonian 
is  considered  zeroth-order.  As  a  consequence  of  the  Hellmann-Feynman  theorem, 
the  first-order  correction  to  the  energy  is  identical  to  the  energy  derivative. 
Similarly,  we  can  talk  about  second-  and  higher  order  corrections  which  are 
proportional  to  second  and  corresponding  higher  energy  derivatives.  A  similar, 
but  more  general  concept  is  the  response  of  a  molecule  to  an  applied  field.  In 
this  respect,  we  define  a  time-dependent  Hermitian  operator  of  the  form 


(3.102) 


(3.103) 


in  Eqn.  3.101  also  can  be  interpreted  as  the  first-order  correction  to  the  energy 


d{t)  =  F{t)V 


(3.104) 
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where  the  time-independent  operators  V  are  Hermitian,  and  the  time  factors  have 
the  Fourier  decomposition 

oo 

F{t)  =  ^  y  F{uj)exp{-iu}t)du  (3.105) 

—oo 

in  terms  of  the  frequency  uj,  and  the  inverse  Fourier  transform 

oo 

F{uj)  =  j  F{t)exp{iivt)dt  (3.106) 

—  00 

The  change  in  expectation  value  of  (O)  =  {^{t)\d\^{t)),  6(6)  is  the  subject 
matter  of  response  theory.  Naturally,  time-dependent  perturbation  theory  [64]  is 
used  in  this  analysis.  Here,  is  now  an  eigenfunction  of  the  time-dependent 
Schrodinger  equation: 

Hm^i?^  (3.107) 

The  change  in  (O)  through  first-order  in  d{t)  is  the  linear  response  and  higher 
order  changes  are  designated  as  the  non-linear  response  (quadratic,  cubic  etc.). 
The  idea  of  probing  molecules  with  a  time-dependent  field  is  clearly  a  very 
physical  one,  and  also  highly  relevant  since  all  the  spectroscopic  techniques  are 
based  on  such  processes.  With  the  proper  choice  of  d{t),  one  can  describe,  or 
at  least  idealize  such  real  experiments. 

As  indicated  earlier,  the  response  functions  are  usually  evaluated  using  time- 
dependent  perturbation  theory  [64].  The  propagator  theory  incorporates  the  many- 
body  language  to  the  time-dependent  perturbation  theory.  It  was  originated  in 
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statistical  physics  [65],  solid  state  [66],  nuclear  physics  [67]  and  scattering  theory 
[68]  and  latter  borrowed  by  quantum  chemistry  [69].  The  response  functions 
also  can  be  evaluated  as  energy  derivatives.  This  is  fairly  easy  to  see  for 
perturbations  which  do  not  have  time  dependence,  since  for  such  cases  we  have 
a  Hellmann-Feynman  theorem  to  guide  us.  Such  perturbations  are  known  as 
static  perturbations.  For  example,  dipole  moments,  static  polarizabilities  and 
hyperpolarizabilities  are  defined  as  first-,  second-  and  third-derivatives  of  the 
energy  which  are  proportional  to  the  zeroth-,  first-  and  second-order  response 
of  a  molecule  to  a  static  electric  field. 

However,  a  straightforward  extension  of  energy  derivative  methods  to  time- 
dependent  perturbations  is  not  possible  since,  in  the  case  of  time-dependent 
perturbations,  the  corresponding  energy  is  not  uniquely  defined  and  hence  response 
functions  cannot  be  obtained  automatically  as  energy  derivatives  [70].  For 
such  cases  an  extension  of  the  Hellmann-Feynman  theorem  to  time-dependent 
perturbations  is  required  [71].  For  a  given  approximate  wave  function  ^{t),  the 
energy-like  expression 

W{t)  =  {^t)\H{t)-i^^\^t))  (3.108) 

which  is  referred  to  as  the  quasienergy  or  pseudoenergy,  defined  so  that  it 
would  satisfy  a  Hellmann-Feynman  theorem  in  the  same  form  as  the  usual 
time-independent  case  at  any  arbitrary  value  of  a  static-field  strength,  one  can 
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then  derive  frequency  dependent  response  functons  as  pseudoenergy  derivatives 
[72-76].  This  is  a  natural  and  very  attractive  extension  of  energy  derivative. 

The  focus  of  this  study  is  on  NMR  chemical  shift  and  indirect  nuclear  spin- 
spin  coupling  constants.  The  spin-spin  coupling  constants  are  external  field 
independent  and  belong  to  the  second  category  of  our  classification.  Chemical 
shifts  are  dependent  on  applied  static  magnetic  field  and  belong  to  the  first 
category.  As  seen  in  chapter  1,  there  are  both  first-  and  second-  order  contributions 
to  the  total  spin-spin  coupling  and  chemical  shift  tensors  involving  one-particle 
type  operators.  To  derive  appropriate  response  equations,  we  are  free  to  start  from 
more  general  time  dependent  perturbation  theory,  or  its  many-body  equivalent, 
propagator  theory  or  quasienergy  derivative  theory  and  use  the  resulting  equations 
with  appropriate  limiting  conditions  for  static  properties  like  NMR  chemical 
shifts  and  spin-spin  coupling  constants.  Alternatively,  one  can  simply  use  time- 
independent  perturbation  theory  or  energy  derivative  theory. 

In  this  chapter,  we  present  the  response  equations  for  Hartree-Fock  (HF)  and 
coupled-cluster  singles  and  doubles  (CCSD)  method  based  on  energy  derivative 
theory.  In  the  case  of  HF  method,  the  energy  derivative  approach  to  second- 
order  properties  is  known  as  the  coupled  perturbed  Hartree-Fock  (CPHF)  method. 
The  second  derivative  of  the  CCSD  energy  with  respect  to  the  perturbations  of 
interest  leads  to  what  we  call  the  quadratic  equation-of-motion  coupled  cluster 
singles  and  doubles  (EOM-CCSD)  approach  to  second-order  properties.  The  CI- 
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like  EOM-CCSD  approach,  which  resembles  the  usual  second-order  perturbation 
theory  type  expression  is  derived  using  expressions  which  define  the  quadratic 
EOM-CCSD  method  by  taking  the  CCSD  similarity  transformed  Hamiltonian  as 
the  zeroth-order  Hamiltonian.  The  equations  presented  here  are  valid  for  any 
first-  or  second-order  static  molecular  properties  with  the  choice  of  appropriate 
operators. 

3.2  Some  Basic  Preliminaries 

Fock  Space 

From  the  outset  we  will  introduce  the  algebraic  approximation,  in  which  a 
finite  (say  M-elements)  set  of  orthonormal  spin-orbitals  {v?p}  is  used  to  construct 
many-particle  wave  functions.  The  Fock-space  is  defined  as  direct  sum  of  the 
n-particle  states  F^"^  consisting  of  all  possible  (^)  Slater  determinants  and  the 
abstract  vacuum  state  F^"^ 

F  =  F^")  e  f(^)  e  f(2)  e . . .  e  f(^)  (3.  io9) 

The  linear,  Hermitian  symmetric  scalar  product  between  two  ket  states  |$^)  and 
denoted  by  ($^|$,/)  is  zero  when  the  two  states  correspond  to  different 
number  of  particles  and  otherwise 

i^fil^u)  =  J  $^(ri,  T2  T3,  .  .  .  r„)$^(Ti,  T2  ra,  .  .  .  Tn)dTidT2  .  .  .  dTn       (3.1 10) 

where  denote  the  spatial  and  spin  coordinates  of  the  particle  i.  From  now 
on,  we  will  assume  that  the  set  of  spin-orbitals  [ipp]  forms  an  orthonormal  set. 
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Then  it  follows  that  the  kets  corresponding  to  the  Slater  determinants  including 
the  vacuum  ket  denoted  by  |0)  form  a  orthonormal  basis  for  the  Fock  space. 

The  complementary  space  consists  of  bra  states  ($^|  defined  as  the 
complex  conjugate  of  the  ket  states.  By  definition  the  bra  states  are  related 
to  the  scalar  product 

($^|(|$,))  =  ($^|$,)  =  V  (3.111) 

where  we  have  used  the  orthonormality  of  the  basis.  The  resolution  of  the  identity 
in  Fock-space  is  given  by 

^=  (3.112) 

where  the  sum  over  all  basis  states  spanning  the  Fock-space  is  assumed.  Having 
defined  the  resolution  of  the  identity,  a  general  linear  operator  in  Fock-space  can 
be  written  as 

0  =  T.\^,H%\Om{^u\   =J2\^,)d,A^u\  (3.113) 

Development  of  correlated  many-body  methods  working  in  configuration  space 
(Slater  determinants)  formalism  is  cumbersome.  As  an  alternative,  at  a  later  stage, 
we  will  introduce  the  second-quantization  or  occupation  number  representation. 
Prior  to  that,  we  will  take  a  look  at  one  of  the  most  commonly  used  set  of  spin- 
orbitals  to  represent  the  Fock-space  configurations,  the  HF  molecular  orbitals. 
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Hartree-Fock  Approximation 

The  independent  particle  or  Hartree-Fock  (HF)  self  consistent  field  (SCF) 
approximation  [77]  is  undoubtedly  the  most  widely  used  electronic  structure 
method.  The  HF  method  usually  provides  a  reference  for  subsequent  correlated 
electronic  structure  methods  such  as  configuration  interaction  (CI)  or  coupled- 
cluster  (CC)  methods.  Before  proceeding  any  further,  let  us  consider  our  working 
Hamiltonian,  which  is  the  non-relativistic  zeroth-order  molecular  Hamiltonian 
within  the  Bom-Oppenheimer  approximation 


(3.114) 


where 

with  variables  having  the  same  meaning  as  described  in  chapter  1.  The  nuclear 
repulsion  energy  is  a  scalar  parameter  in  the  Bom-Oppenheimer  approximation. 

The  HF  molecular  wave  function,  $„,  is  an  antisymmetrized  product  (single 
determinant)  of  a  variationally  optimum  set  of  orthonormal  one-particle  functions 
(spin-orbitals) 

iPi{l)     i  =  l,2,...,n  (3.116) 

defined  by  set  of  one-particle  canonical  HF  equations.  The  equations  which 
define  $o  and  ^t(l)  are 

$o  =  i((/?i(lV2(2)  ifnin))  (3.117) 
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and 

T{{)ipi{i)  =  £m{{)       i  =  1,2,...  (3.118) 

with  A  —  -;^  J2{~^y'^>  V  is  a  permutation  of  electron  labels,  and  the  Fock 
operator  T  is 

=  h{i)  +  T  f  <^i(2)(l  -  Vn)—<Pj{2)dr^  (3.119) 

The  derivation  of  Eqn.  3.119  can  be  found  in  any  standard  quantum  chemistry 
text  books  and  will  not  be  repeated  [77]. 

The  entire  set  of  spin-orbitals  defined  by  Eqn.  3. 1 18  is  not  necessarily  required 
to  be  occupied  in  the  HF  single  determinant.  For  convenience,  the  spin-orbitals 
(molecular  orbitals)  which  are  occupied  in  the  HF  determinant  are  labeled  by 
while  the  unoccupied  or  virtual  orbitals  are  labeled  as  a,fe, ....  The 
generic  orbitals  are  usually  denoted  by  p,q,.. ..  The  HF  energy  of  system  under 
consideration  is 


The  generic  two-electron  integral  {pq\\rs)  is  defined  as 

/  I '^p{n)^q{r2)^{l-Vi2)ipr{T\)<Ps{r2)dndr2  (3.121) 

It  is  common  practice  in  modem  quantum  chemistry  to  expand  the  molecular 
orbitals  (MO)  in  terms  of  Gaussian  functions  centered  on  atoms,  known  as  atomic 
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orbitals  (AO)  or  atomic  basis  functions.  In  mathematical  terms  this  is  equivalent  to 

<fip  =  ^C^p(f)^  (3.122) 

where  (f>fi  is  a  gaussian  basis  function  located  on  an  arbitrary  atomic  center.  Here, 
AT  is  the  number  of  basis  functions. 
Second  Quantization  and  Normal  Order 

The  occupation  number  or  second  quantization  formalism  has  a  one-to-one 
correspondence  to  the  configuration  state  formalism.  We  define  a  set  of  creation 
operators  {op}  corresponding  to  the  one-particle  spin-orbitals  {(pp)  acting  on  basis 
states  of  Fock-space.  Their  action  on  a  vacuum  state  |0)  is  given  by  p^|0)  =  \(pp) 
while  they  act  to  annhilate  the  function  \ipp) 

pVp)  =  0     p  =  l,2,...,Af  (3.123) 

(note  that  we  abbreviate  ap  to  p^).  The  annihilation  operators  are  defined  by 
Hermitian  conjugation  {^^\p^\^^)  =  Both  creation  and  annihilation 

operators  are  known  as  construction  operators.  It  can  easily  be  shown  that  they 
satisfy  anticommutation  relations 

\p,q]+  =  \P\q^+  =  o 

(3.124) 

[p^9]^-=^pg 

which  reflect  the  antisymmetry  of  the  many-particle  states.  The  creation  and 
annihilation  operators  can  be  used  to  generate  basis  states  in  Fock-space  and  its 
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dual  space  respectively.  For  example,  an  n-particle  ket  basis  state  can  be 
written  as 

|$ir^)=pip5...pt|0)  (3.125) 

and  corresponds  to  the  normalized  Slater  determinant 

l^/x)  =  -ridet{(pp,{ri)(pp,{r2) . . .  (PpM)  (3.126) 

The  vector  space  of  linear  operators  on  Fock-space  is  spanned  by  the  {X^F} 
where  X  and  Y  are  ordered  products  of  creation  operators,  for  example  X  = 
p^q\ p  <  q  <  —  A  general  linear  operator  may  be  represented  by 

d  =  Y,dxYX^Y  (3.127) 

X,Y 

which  compares  with  Eqn.  3.113.  For  particle-conserving  operators,  the  two 
operator  strings  X  and  Y  have  equal  lengths  and  the  lengths  of  the  operator  strings 
are  directly  related  to  the  number  of  particles  of  the  irreducible  part  of  the  operator. 
A  more  elaborate  discussion  of  these  points  can  be  found  in  Nooijen  [78]. 

The  sequence  of  construction  operators  is  said  to  be  in  normal  order  when 
all  annihilation  operators  act  before  any  creation  operators.  The  operators  we  use 
will  always  be  written  in  the  normal-ordered  form,  e.g.  N{p^fsq^)  or  {p^fsq^ 
where  N  or  {}  denotes  the  normal  ordering  of  the  operators.  Within  the  normal- 
ordered  product,  the  operators  anticommute  with  the  overall  sign  determined  by 
the  number  of  interchanges:  postive  overall  sign  for  even  number  of  interchanges 
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and  negative  overall  sign  for  odd  number  of  interchanges.  A  convenient  feature 
of  the  normal-ordered  operators  is  that  they  annihilate  the  vaccum  state.  , 

As  mentioned  earlier,  any  arbitrary  operator  can  be  writen  in  normal  ordered 
from  and  one  would  like  to  have  a  multiplication  rule  for  normal  product  operators, 
that  expresses  the  results  again  in  normal  order.  This  is  provided  by  Wick's 
theorem.  The  derivation  and  in  depth  discussion  of  various  Wick  theorems  can 
be  find  in  several  excellent  texts  [64,  79],  so  here  we  only  present  the  final  result. 
To  this  end  we  first  define  the  notion  of  contraction 

pq  =  N{pq)  +  C{pq)  (3.128) 

where  C{pq)  denote  the  contraction  between  p  and  q.  Explicitly  the  contarctions 
are 

(3.129) 

C{pU)  =  0 

Now  we  are  in  a  position  to  state  Wick's  theorem.  Let  6i  and  62  be  strings  of 
construction  operators,  then 

N(Oi)N(62)  =  N(0i02)  +  N({0id2})  +  N({{6id2}})  +  . . .  (3.130) 

where  each  pair  of  braces  surrounding  the  operator  strings  denotes  a  sum  over  all 
possible  contractions  that  can  be  obtained  by  taking  one  construction  operator  from 
0\  and  one  from  O2.  Hence,  the  normal-ordered  result  of  two  normal-ordered 
operator  strings  acting  in  successive  is  equivalent  to  the  sum  of  the  normal  product 
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N(Oi62)  with  zero,  one,  two  up  to  all  possible  contractions  formed  by  taking 
one  construction  operator  each  from  Oi  and  from  O2. 

In  the  algebraic  approximation  we  are  working  with  the  Fock-space  Hamil- 
tonian.  Because  of  the  limitations  of  our  one-particle  basis  sets,  only  a  few 
eigenstates  and  eigenvalues  of  it  can  represent  the  true  eigenvalues  and  eigen- 
states.  These  states  usually  comprise  a  few  low-lying  n-particle  states  as  well 
as  certain  n  +  1  and  n  -  1  states.  It  is  convenient  for  book  keeping  purposes 
if  we  represent  these  states  with  respect  to  an  n-particle  state  which  lies  closer 
to  them.  This  leads  to  the  so-called  quasi-particle  or  particle-hole  formulation. 
The  «-particle  state  |$o)  serves  as  our  new  vacuum  and  it  is  called  the  Fermi 
vacuum.  Usually,  |$o)  is  the  HF  single  determinant,  but  other  choices  are  also 
equally  well  applicable.  The  one-particle  states  are  divided  into  two  subsets,  the 
occupied  and  virtual  states.  To  distinguish  them  from  one  another,  we  use  the 
same  notation  introduced  in  the  proceeding  discussion.  The  annihilation  operator 
i  creates  a  hole  in  the  model  vacuum,  and  it  is  said  to  be  a  quasiparticle  creation 
operator  (q-creation  operator).  Similarly,  V\^o)  =  0,  and  q-annihilation  operator. 
Likewise  a  and     are  q-annihilation  and  q-creation  operators  respectively. 

Now  we  have  adequate  tools  at  hand  to  write  down  our  working  Hamiltonian 
in  normal  ordered  form.  The  Fock  space  Hamiltonian  in  terms  of  construction 


78 

operators  is  given  by 


=  Y^KiP^Q  +  jY^iPQinp^Q^sr  (3.131) 


4 

pq  P'^ 


r,s 


where  hpq  =  J dTipp{r)h(pq{T)  and  (p^Urs)  are  two  electron  integrals,  as  defined 
previously  in  Eqn.  3.121.  We  can  rewrite  H"  in  normal  ordered  form  with 
respect  to  the  model  vacuum  |$o)  by  direct  application  of  Wick's  theorem  to  the 
two  operator  strings  in  Eqn.  3.131.  A  detailed  derivation  can  be  found  elsewhere 
[78]  and  we  merely  quote  the  final  results 

Hn  =  Y1  ^p^P^^  +  \  E^^^ll^')?^^^^^  +  (3.132) 

pq  P'l 


where  Tpq  =  hpq  + 

i 

3.3  Energy  Derivatives 

Spin  Hamiltonian 

For  a  molecule  in  a  homogeneous  magentic  field  B,  the  energy  shift  through 
second-order  in  the  vector  potential 

A(r)  =  lBx(r-G)  +  j:w5^V^^^^  (3.133) 

can  be  written  as 

AE  =  -^xB.B  +  Y,7n{1  -  ctn)  In.B  + 


2' 

N 


IiV.(TjvjV'  +  ^NN>)  •  IjV' 

N>N' 


(3.134) 
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Here,  x  is  the  magnetic  susceptibility  tensor,  (tn  denotes  the  magnetic  shielding 
constant  tensor  for  nucleus      while  Tjviv^'  and  3nN'  are  the  direct  and  the 

indirect  parts  of  the  nuclear  spin-spin  coupling  constant  tensor  respectively.  The 

I 

gyromagnetic  ratio  of  nucleus  is  denoted  77V  while  1^  and  Ijv  are  nuclear 
spin  angular  momenta  of  nuclei  N  and  N'  respectively.  The  position  vector  of 
an  arbitrary  point  in  space  is  denoted  r  while  Rjv  and  G  are  the  position  vector 
of  nucleus  and  the  gauge  origin  of  the  vector  potential  respectively.  Equation 
3.134  defines  an  effective  spin-Hamiltonian,  in  terms  of  the  nuclear  spin  operators 
I  AT,  the  eigenvalues  of  which  relate  directly  to  the  spectrum  measured  in  an  NMR 
experiment.  In  this  study,  we  are  only  concerned  with  the  indirect  part  of  the 
nuclear  spin-spin  coupling  tensors,  Jjviv  and  the  shielding  tensors,  (Tn-  For 
convenience,  let  us  denote  these  contributions  to  the  total  energy  shift  as  E^^' 

E^^'  =  In  Jnn'  In'  +  7iv(l  -  <Tjv)Ii\r.B  (3.135) 

Let  us  note  that  the  energy  shift  E^^'  depends  on  the  nuclear  magnetic  moments 
and  the  external  magnetic  field.  In  this  work,  we  will  evaluate  the  spin-spin 
coupling  tensor  and  the  shielding  tensor  in  a  non-relativistic  framework.  To  this 
end  the  non-relativistic  many-electron  Hamiltonian  including  the  vector-potential 
A  is  subject  to  a  perturbation  expansion  and  all  terms  are  retained  that  are  at  most 
quadratic  in  the  nuclear  magnetic  moment  and  product  terms  of  nuclear  magnetic 
moment  and  external  field. 
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Consider  an  isolated  molecule  in  the  presence  of  a  collection  of  two  groups 
of  arbitrary  one-particle  type  perturbations.  One  of  which  consists  of  first-order 
perturbations  and  the  other  group  consists  of  second-order  perturbations.  The 
first-quantized  Hamiltonian  for  the  system  under  consideration  can  be  written  as 

'  N=0  N>N'=0 


here,  /cjv's  are  ordering  parameters  and  the  new  h(i) 

fiW=   -^-E  — +E'^^^i'+    E    >^NKN'Hr'  (3.137) 


Ar=0  N=0  N>N'=0 


The  summation  over  is  assumed  to  include  A'^  =  0  to  incorporate  perturbations 
which  do  not  depend  on  nuclear  parameters.  For  example,  an  applied  external 
magnetic  field  and  the  corresponding  kq  is  simply  designated  as  k.  The  zeroth- 
order  Hamiltonian  is  the  usual  non-relativistic  many-electron  Bom-Oppenheimer 
Hamiltonian.  In  the  present  study,  the  first-order  perturbed  Hamiltonian  is  the 
sum  of  the  Fermi-contact  (FC),  spin-dipole  (SD),  paramagnetic  spin-orbit  (PSO) 
and  the  operators  pertinent  to  the  paramagnetic  contribution  to  the  NMR  chemical 
shift  per  each  nuclei,  while  the  second-order  operators  are  sums  of  the  diamagnetic 
spin-orbit  operators  (DSO)  and  the  operators  responsible  for  the  diamagnetic 
contribution  to  the  NMR  chemical  shift  per  each  distinguishable  pairs  of  nuclei. 
Explicit  expressions  for  these  operators  are  given  in  chapter  1.   As  we  have 
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discussed  in  chapter  1,  the  indirect  nuclear  spin-spin  coupling  tensor  is  a  second- 
order  property  with  contributions  from  second-order  DSO  operators  and  a  selection 
of  second-order  properties  that  each  involve  a  pair  of  the  FC,  SD  and  PSO 
operators  contributing  to  the  first-order  perturbed  Hamiltonian. 

Except  for  the  different  operators  involved,  contributions  to  the  NMR  chem- 
ical shift  tensor  has  identical  characteristics.  The  indirect  nuclear  spin-spin  cou- 
pling tensor  J jviv  and  the  shielding  tensor  (t^n'  relates  to  the  energy  derivatives 
as  follows 


In  the  following  discussion  we  derive  equations  required  to  evaluate  these  con- 
tributions at  the  HF  and  correlated  level  based  on  analytical  energy  derivative 
theory.  Analytical  derivative  methods  rely  on  explicit  computation  of  the  field 
derivatives  of  the  energy,  and  of  expectation  values  using  perturbation  theory. 
The  Hartree-Fock  Analytical  Energy  Derivatives 

The  analytical  HF  derivatives  were  first  propounded  by  Gerratt  and  Mills 
[80]  as  a  means  of  obtaining  nuclear  coordinate  derivatives  of  the  electronic  state 
potential  energy  surfaces.  Since  then  analytical  evaluation  of  HF  derivatives 
(first,  second  and  higher)  has  undergone  a  remarkable  progress,  both  conceptually 
and  technically  [81,  82].  We  derive  compact  expressions  for  analytic  HF  energy 


(3.138) 
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derivatives  through  second-order  in  some  detail,  to  compare  with  previous  work, 
and  with  the  Random  Phase  Approximation  (RPA)  in  propagator  theory. 

The  perturbed  Hartree-Fock  energy  of  the  system  in  terms  of  the  perturbed 
HF  molecular  orbitals  can  be  written  as 


=  ^{im  +  \  J2('^m  +  ^  E  ^  (3.139) 
where  the  perturbed  HF  molecular  orbitals 

^pix-N)  =  ^(Ph{hn)C^ip{kn)  (3.140) 
/I 

and  the  molecular  orbital  coefficients  C^p(Kiv)  satisfy  the  orthogonality  relation 

C\KN)SiKN)C{KN)  =  1  (3.141) 

Here,  S  is  the  overlap  matrix. 

The  first  derivative  of  HF  molecular  orbitals  coefficients  may  be  expanded 
conveniently  in  terms  of  the  unperturbed  HF  molecular  orbital  coefficients 

=  C(0)U'^^  =  CU''^  (3.142) 

where  the  matrix  elements  of  U''^,  U^^  are  widely  known  as  the  coupled 
perturbed  Hartree-Fock  coefficients  (CPHF).  They  are  perturbation  dependent. 
Differentiate  the  orthogonality  relation  given  in  Eqn.  3.141  to  obtain 

|£isC  +  Ct|lc  +  Cts|^=0  (3.143) 

a/civ  a/tjv  a/c^■ 
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Replace  the  derivatives  of  MO  coefficients  in  terms  of  CPHF  coefficients  given 
in  Eqn.  3.142  to  obtain 

U«Ntctsc  +  C^- — C  +  C^SCU''^  =  0  (3.144) 

which,  using  3.141,  leads  to  the  important  relationship 

i 

^  IJKN  ^  ^{kn)  ^  Q  (3.145) 

At  this  point  it  is  convenient  to  introduce  the  notation  that  we  will  employ  in 
the  following  discussion.  A  superscript  within  parentheses  signifies  the  derivative 
of  the  operator  evaluated  in  the  AO  basis  and  rotated  into  the  MO  basis  of  the 
unperturbed  orbitals.   For  example,  in  Eqn.   3.145,  siT^=  C^p,i^^Cuq  and 

1  («n)  _  pt  dhju.f^ 
lipq       —  "^pfi-^^vq- 

Let  us  rewrite  the  HF  energy  expression  expanding  the  MO's  using  Eqn.  3.140 
Eo  =  Cj^  VC,  +  ^CJ^CI  .(/.A||^a)a,C.,.  +  (3.146) 
The  first  derivative  of  the  HF  energy  (|^)^^^o     given  by 

pKAT  _  p    .     1    pt    ^Vfip    .    I    pt    C  ^^t^' 


I  t  pt  p    ,  ^Z^Zpdf  1  \ 


(3.147) 
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It  is  implied  in  the  right-hand  side  of  Eqn.  3.147  that  the  derivatives  are  evaluated 
at  Atjv  =  0  and  the  Einstein  convention  of  implicit  summation  over  repeated  indices 
also  is  employed.  Eqn.  3.147  can  be  simplified  using  Eqn.  3.142  to  substitute  for 
the  derivatives  of  MO  coefficients  followed  by  collecting  identical  terms  to  get 

This  expression  can  be  rewritten  as 

Er = ^ir^ri + + hjr^ + ^(^11^)^-^+  \^  (^)  0.149) 

where  Tri  =  hri  +  The  generic  orbital  index  r  in  Eqn.  3.150  can  run 

j 

over  both  occupied  and  virtual  orbital  indices.  However,  there  is  no  contribution 
from  virtual  orbitals  since  =  =  0  due  to  Brillouin's  condition, 

hence  the  remaining  contributions  to  the  energy  derivative  are 

Er  =  Uj- J-,,-  +  TijV^r  +  hj-)  +  \^  (J-^  (3.150) 

Since  !F  is  symmetric,  we  can  rewrite  Eqn.  3.150  to  obtain 

Finally,  the  expression  for  the  HF  energy  derivative  in  terms  of  MOs  can  be 
written  by  replacing  the  term  ^u]r  +U^f  ^  in  Eqn.  3.151  by  using  the  relation 
given  in  Eqn.  3.145 

Er  =  -S^^%  +  hlr^  +  +  (J-^  (3.152) 
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In  the  case  of  canonical  HF  MOs  the  energy  derivative  in  the  AO  basis  can  be 
written 


where  the  HF  one-particle  density  matrix  D^^  =  C*^^fij,i  and  the  HF  two-particle 
density  matrix  T^^Xf^  =  D^^Dx^.  The  nuclear  repulsion  term  contributes  only 
when  the  perturbation  under  consideration  is  geometry  dependent. 

Before  we  move  on  to  discuss  the  second  derivative  of  the  HF  energy,  several 
important  observations  can  be  made  based  on  the  first-derivative  expressions  given 
in  Eqns.  3.152  and  3.153.  In  the  case  that  the  perturbation  does  not  influence 
the  AO  basis  functions,  for  example  an  electric  field,  the  derivative  expression  in 
Eqn.  3.153  can  be  simplified  to  obtain 


where  the  molecular  geometry  was  assumed  to  be  fixed.  This  is  clearly  a 
representation  of  the  Hellmann-Feynman  theorem  introduced  earlier.  Another 
important  observation  is  that  first  derivatives  of  the  HF  MOs  are  not  required  to 
evaluate  the  first  derivative  of  the  HF  energy.  As  we  can  see  from  Eqn.  3.153, 


(3.153) 


(3.154) 
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the  zeroth-order  HF  density  is  perturbation  independent  and  hence  various  types 
of  first-order  properties  can  be  evaluated  as  a  direct  product  of  the  perturbation 
independent  density  and  property  integrals. 

However,  there  are  instances  in  which  the  perturbation  influences  AO  basis 
functions,  for  example  geometric  perturbations.  Another  such  perturbation  which 
is  pertinent  to  this  study  is  an  externally  applied  magnetic  field.  As  discussed  in  the 
first  chapter,  finite  basis  set  NMR  chemical  shift  calculations  are  gauge  dependent: 
dependent  on  the  origin  chosen  to  represent  the  vector  potential.  Exact  gauge 
invariance  can  be  ensured  by  using  "gauge-including  atomic  orbitals"  (GIAO), 
in  which  each  atomic  orbital  has  its  own  local  gauge  origin  placed  on  its  center. 
The  idea  originated  in  London's  study  of  molecular  diamagnetism  some  50  years 
ago  [83]  and  was  first  adapted  by  Ditchfield  [84]  within  quantum  chemical  NMR 
chemical  shift  calculations.  The  GIAO  method  for  calculating  NMR  chemical 
shifts  utilizes  the  following  explicitly  field-dependent  basis  functions 

X^{B)  =  ea;p[-^(BxR^).r]x;x(0)  (3.155) 

where  X/i(0)  denotes  the  usual  field-independent  Gaussian  AO  basis  functions 
and  their  center.  The  derivative  of  the  GIAO  basis  functions  with  respect  to  a 
magnetic  field  perturbation  is  non-zero,  and  as  a  consequence,  the  AO  relaxations 
terms  have  non-zero  contributions  to  the  final  derivative.  Energies  and  energy 
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derivatives  calculated  by  using  GIAO  finite  basis  sets  are  gauge-origin  independent 
[85]. 

The  derivation  of  an  expression  for  the  second  derivative  of  the  HF  energy 
essentially  involves  similar  manipulations  as  required  by  the  first  derivative. 
Consequently,  we  only  present  the  essential  steps  in  the  derivation.  We  start 
from  the  MO  representation  of  the  first  derivative,  carry  out  straightforward 
differentiation  and  then  follow  similar  techniques  as  in  the  case  of  the  first 
derivative  to  obtain 


(3.156) 


This  can  be  rewritten 

2 

_'p-.  ci'^'^'^N')  _  pK'N'oif^N)  ,    1  ZgZpd^  [  ^  \         (3  157) 

where  =  h^^^'^  +  {rj\\ij)M, 

Clearly,  further  evaluation  requires  a  knowledge  of  ^^j^' .  The  Fock  matrix 
represented  in  the  MO  basis,  Tpq  has  the  folowing  form 

^pq  =  ^ipq  +  ^{pm\\qm)  (3.158) 
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Following  similar  arguments  as  in  the  case  of  first  and  second  derivatives,  the 
derivative  of  the  Fock  matrix  can  be  written  as 

=  ujr'^'^^5+^p'-Ur7+-^ir^+uLr(p^^  0.159) 

Substitute  for  T^-^'  in  Eqn.  3.157  and  simplify  to  obtain 


(3.160) 


(3.161) 


Let  us  collect  terms  and  define  the  operator  6  such  that 

{^(-)  -  .F.,s(.-)-(mrl|iz)s(.r^} 

6!r^=  {^r^  -  s!r^:^,>-SL7\i.||mr)} 
and  rewrite  Eqn.  3.160  in  terms  of  the  operator  6 

-^..S,,        -^y     S,,  (3.162) 

Here,  the  generic  orbital  index  r  in  Eqn.  3.162  can  run  over  both  occupied  and 
virtual  orbital  indices,  hence 

-  ^ik     ^ki      +  ^ik     ^ki    +  ^ia     ^ai      +  ^ia  ^ai 

1    Z^Z,    (  1  X  (3.163) 


+ 


2  dKjfdnj^ 
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We  can  group  first  two  terms  by  exchanging  dummy  summation  indices  /  and  j 
in  the  first  term  which  runs  over  occupied  orbitals  only,  to  get 

^  1    Zc^Zp    /  1  \ 
2  5Ki\r5«jV'  V^a/?  / 


(3.164) 


Substitute  from  Eqn.  3.145  for  (U^f^  +  U^f )  in  Eqn.  3.164  to  get 


^  1     ZgZp     (    ^  \ 


(3.165) 

Note  that  we  cannot  follow  a  similar  strategy  to  combine  the  third  and  forth  terms 
in  Eqn.  3.164  since  the  dummy  summation  indices  run  over  both  occupied  and 
virtuals  orbitals  and  cannot  be  interchanged. 

The  expression  given  in  Eqn.  3.165  for  the  second  derivative  of  the  HP 
energy  is  compact  and,  also  shows  the  symmetry  with  respect  to  exchange  of  kn 
and  KjV'  elegantly.  As  we  can  see,  to  evaluate  Eqn.  3.165,  we  need  expressions 
for  the  virtual-occupied  block  of  the  CPHF  coefficients.  They  are  obtained  by 
exploiting  the  Brillouin  condition  Pai  =  0  as  this  implies  that        =  0  as  well. 
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Therefore  from  Eqn.  3.159 

U^^^' j;.-  +  TarKt'  +  +  ^ir^  +  {^rn\\ir)Vr^  =  0  (3.166) 

We  can  simplify  this  expression  by  considering  the  contributions  from  occu- 
pied and  virtual  orbitals  corresponding  to  the  generic  orbital  r  separately,  by  use 
employing  the  Brillouin  condition  to  obtain 

(3.167) 

+  U]„r  (ae||im)  +  {amWie)^:^  =  0 
Simplify  using  the  relation  given  in  Eqn.  3.145  to  get 

(3.168) 

+  {ae\\im)  +  (am||ie)U,«^'  =  0 
To  simplify  Eqn.  3.168  further,  let  us  constrain  the  zeroth-order  MOs  to  be 
real.  Some  of  the  perturbations  considered  in  this  work  are  pure  imaginary  and  for 
such  situations  the  first-order  changes  in  MOs  can  be  pure  imaginary  even  though 
the  zeroth-order  orbitals  are  real.  Add  and  subtract  the  complex  conjugate  of 
Eqn.  3.168  to  itself  and  multiply  by  one-half  to  obtain  equations  for  the  real  and 
imaginary  part  of  the  virtual-occupied  block  of  the  CPHF  coefficients.  It  follows 
that  the  real  part  of  the  virtual-occupied  block  of  CPHF  coefficients  Uem  (R)  is 
given  by 

Ue"^'(R)D+(„i,em)=X,Y'  (3.169) 


91 

and  similarly,  the  imaginary  part  of  the  virtual-occupied  block  of  CPHF  coeffi- 
cients Uem'(I)  is  given  by 


Ve^m-(ai,em)=Ki'  (3-170) 


where 


D+(ai,em)  =  ^ae^im  "  ^mi^ae  +  {ae\\im)  +  {am\\ie) 


and 


D-(ai,em)  =  -^ae^tm  "  ^mi^ae  "  (ae||zm)  +  {am\\ie) 
ai  o,'  \    ai  at  > 


(3.172) 


(3.173) 


2^' 

Eqns.  3.161,  3.165,  3.169,  3.170,  3.172  and  3.173  combined  give  the  final 
expression  for  the  second  derivative  of  the  HF  energy. 

To  gain  more  insight  into  the  second-derivative  expression,  first  let  us  consider 
a  simpler  case  that  in  which  the  AO  basis  functions  are  peturbation  independent 
and  the  molecular  geometry  is  fixed.  The  derivative  expression  then  simplifies 
to  give 


and  similarly,  the  operator  6 


^em   —     em     —  "-em 


A(kn)_  ^{kn)  _  v;(kn) 
^me    —     me.     —  li-mp 


(3.175) 
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and  the  coupled  HF  coefficients  are  given  by  Eqn.  3.169  and  3.170  with  simplified 
expressions  for  X^f  and  Y^f''  when  the  perturbation  under  consideration  is  pure 
real  or  imaginary 

1  (3.176) 

ai  2^  \  ai  ai  ' 

The  third  term  in  Eqn.  3.174  originates  from  the  second-order  terms  in  the  Hamil- 
tonian.  Similarly  to  first-order  properties,  such  contributions  can  be  evaluated  as 
an  expectation  value  with  respect  to  the  zeroth-order  wave  function.  The  DSO 
contribution  to  the  NMR  spin-spin  coupling  constant  and  diamagnetic  contribution 
to  the  NMR  chemical  shift  tensor  belongs  to  this  category  and  they  are  calculated 
as  expectation  values  of  their  respective  operators.  Insert  the  expressions  given 
in  Eqn.  3.175  and  3.169  in  Eqn.  3.174  and  use  the  Hermiticity  of  h  to  rewrite 
the  first  two  terms  to  obtain 

((6i;  62))  =  (U,«-'(R)  -  iU,«;Ji'(I))h(«-)  +  h('^-)(U«r  (R)  +  ^U,«^'(I)) 

=       +  hLT^)u,«^'  (R)  +  i(hLT^  -  hir  ^)U«-'  (I) 
-  _ircv;('«^)  4.  v;(«A')*\r)-i     (Ci^^N')  ,  v;(«N')*\i , 
_  lr/i:(«N)  _  r(KN)*xT^-i      (Cii^N')  v;(«iv')*\i 

2Unem        nem     )^ -(ai,em)y'^ai       '  Ki  )\ 
=  ~2[(^lTem)  +^lTL))I^^(ai,em)(^UaO+^U,I))]+ 
-  2^i^Hem)  -  ■^l(ie))^-(ai,em)(-^l(ai)-^i(il))] 

(3.177) 
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where  the  ((61;  62))  notation  is  borrowed  from  propagator  theory  and  the  def- 
initions of  Oi  and  O2  are  given  below. 

It  will  be  shown,  that  the  first  two  terms  in  Eqn.  3.174  combined  amounts 
to  the  RPA  expression  for  frequency-independent  second-order  properties  derived 
alternatively  from  polarization  propagator  theory  or  time-dependent  perturbation 
theory.  To  show  this  equivalence,  it  is  convenient  to  start  from  the  general  RPA 
expression  for  second-order  properties  given  by 

r(Q^|62)- 


((6i;62))=  [(OilQt)  (61IQ)] 


R 


l-(Q|62)  J 


(3.178) 


where 


R  = 


SEo  4-  A  B 
B        -SEo  +  A 


-1 


(3.179) 


The  operators  61  =  E  H^^^^/q,  62  =  E  ^il^)?^?  and  {Qt,  Q}  =  {et^,  m^e} 
p>9  p,q 

and  the  matrices  S  =  (Q^|Q^),  A  =  -{Q^\nQ^)  and  B  =  -(Qt|7YQ).  The 
superoperator  7Y  and  the  superoperator  binary  product  (61I62)  for  two  arbitrary 
operators  Oi  and  62  are  defined  as 


7^6l  =  [i7^6l] 


(3.180) 


and 


(Oi|02)  =  (o|[6;,02]|o) 


(3.181) 


A  detailed  account  of  the  derivation  of  Eqn.  3.178  and  superoperator  algebra 
can  be  found  in  several  excellent  textbooks  [69,  86  ]  and  will  not  be  repeated 
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here.  The  matrix  elements  required  in  Eqn.  3.178  can  be  evaluated  by  using 
the  anti-commutation  rules  for  second  quantized-operators  introduced  in  section 
1.2  to  obtain 

A(ai,em)=   -{^ae^mi  ~  ^mi^ae  +  (am||ie)} 

B(ai,em)  =  -{ae\\im) 

(6i|Q^)  =  <n.)  (3.182) 

(62IQ)  =  ^ll) 

{Qt|6i)  =  ^^[,,) 

As  mentioned  earlier,  the  energy  derivative  approach  presented  here  is  valid 
only  for  the  frequency  (or  time)  independent  perturbations,  while  the  RPA  expres- 
sion given  in  Eqn.  3.178  is  general  in  the  sense  that  it  is  valid  for  both  frequency- 
dependent  or  independent  perturbations.  Consequently,  to  show  the  equivalence 
of  RPA  to  energy  derivative  method,  we  only  consider  the  frequency-independent 
RPA  by  requiring  that  the  unperturbed  ground  state  energy  is  identically  zero 
(Eo  =  0)  in  Eqn.  3.178. 

Subject  to  this  constraint,  we  can  rewrite  the  RPA  matrix  R  such  that 


R  =  U 


A  +  B       0  ^ 
0       A  -B 


(3.183) 
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where  ^  ~  ^f^I  ^  ^^^^  matrix.    Note  that  the  unitary 

transformation  U  converts  the  RPA  matrix  into  block-diagonal  form  and  hence, 
decoupls  the  A  and  B  blocks  of  the  RPA  matrix.  Substitute  for  the  matrix  elements 
and  the  matrix  R  in  Eqn.  3.178  from  Eqns.  3.182  and  3.183  and  then  simphfy 
to  obtain 

-1  /Hf 


=  l{(Hf  +  Hft)  (A  +  B)-i  (Hr+Hft)+ 
(Hf^-Hf)  (A-B)-i  (Hf -Hf'^)} 

=  -2^^^^'^'")  ^lTme))^+(ai,em)(^lTaO+^l(iI))l 
~  2^i^Hem)  -  ^l^le))^-(ai,em)(-^l(aO~-^l{iI))] 

(3.184) 

As  we  can  see,  Eqn.  3.184  is  identical  with  the  expression  given  in  Eqn.  3.177 
derived  from  the  energy  derivative  theory.  This  result  shows  the  equivalence  of 
the  CPHF  and  RPA  approaches  to  second-order  properties  subject  to  the  con- 
straints imposed  in  the  derivation  of  Eqns.  3.177  and  3.184.  As  we  have  seen, 
the  decoupling  of  A  and  B  blocks  of  the  RPA  matrix  is  a  critical  element  of 
our  proof.  In  the  case  of  frequency-dependent  RPA  matrices,  these  two  blocks 
cannot  be  decoupled.  Consequently,  further  analysis  is  required  to  investigate 
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the  equivalence  of  frequency-dependent  RPA  and  frequency-dependent  HF  en- 
ergy derivative  methods.  Another  important  thing  to  note  is  that  the  equivalence 
of  frequency-independent  RPA  and  energy  derivative  methods  shown  here  is  lim- 
ited to  perturbation-independent  AO  basis  functions.  However,  for  perturbation- 
dependent  AO  basis  functions,  this  equivalence  can  still  be  maintained  by  redefin- 
ing the  RPA  to  incorporate  the  perturbation  dependence  of  AO  basis  functions, 
for  example,  as  in  the  case  of  RPA  GIAO  NMR  chemical  shift  calculations. 

Coupled  Cluster  Energy  Derivatives  and  EOM-CCSD 
Models  for  Second-Order  Properties 

The  CC  energy  functional  is  given  by 

E  =  (0|(1  +  A)e-^^e^|0)  =  (0|(1  -f-  A)^|0)  (3.185) 

where  H  denotes  the  second-quantized  form  of  the  many-body  Hamiltonian  in 
the  presence  of  perturbations 

p.? 
N>N' 

while  |0)  is  a  single  determinant  reference  function,  which  is  assumed  to  provide 
an  adequate  zeroth-order  description  of  the  ground  state.  In  the  following 
derivation  we  assume  that  the  molecular  geometry  is  fixed  and  consequently, 
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the  nuclear  repulsion  energy  is  a  constant.  Hence,  for  convenience,  the  nuclear 
repulsion  contributions  are  not  explicitly  considered.  The  cluster  operator  T  is 
partitioned  into  n-tuple  excitation  operators 


r  =  ri+T2  +  ---+  Tn  +..-  =  5]i/,g^  (3.187) 

where 

Tn  =  ^Y.^t-:{<^^'^^:i-}  (3-188) 

t,J... 

a,h... 

Similarly  the  operator  A  is  expanded  as 

A  =  Ai  +  A2  +  •  ■  •  +  An  +  •  •  •  =  ^  X^qj,  (3.189) 
where  A„  denotes  a  n-tuple  de-excitation  operator 

^"  =  ^E^ifc.i^V^'  }  (3.190) 

a,b... 


Finally  in  Eqn.  3.185,  we  have  introduced  the  non-hermitian  similarity  trans- 
formed Hamiltonian 

H^e-^He^  (3.191) 

that  will  be  used  extensively  in  the  derivation  below. 

The  coefficients  parameterizing  the  T  and  A  operators  in  CC  theory  are 
obtained  by  requiring  stationarity  of  the  CC  energy  functional,  a  choice  which 
leads  to  the  generic  CC  and  lambda  equations 

{q^\e-^He'^\0)  -  (9;,|^|0)  =  0  (3.192) 
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and 

(0|(l  +  A)[^,gV]|0)  =  0  (3.193) 
This  latter  equation  also  can  be  written  as 

{0\{1  +  A)(^H-E^\q)  =  0  (3.194) 

Because  of  the  stationarity  of  the  CC  energy  functional,  the  first  derivative 
with  respect  to  the  perturbation  order  parameter  k.^'  takes  the  form 

E"^'  =  ^  =  (01(1  +  A)e-^^'^^'e^|0)  =  (0|(1  +  A)^'''"  |0)  (3.195) 

where  we  have  defined 

In  deriving  Eqn.  3.195,  we  have  neglected  MO  relaxation  effects  and  also  assumed 
that  the  AO  basis  functions  are  independent  of  the  external  perturbation.  As  shown 
by  Salter  et  al.  [87]  Eqn.  3.195  is  a  representation  of  the  generalized  Hellmann- 
Feynman  theorem.  Consequently,  the  first-order  properties  are  given  by 


(0|(1  +  A)i/  |0) 


=  E^S'(0|(1  +  ^)^"'^{P^9}e''|0)  (3.197) 


p,q 

where  the  "response  density"  Dpg  is 


Dp,  =  (0|(1  +  A)e-^  N{pV}e^|o)  (3.198) 
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The  "response  density"  is  independent  of  the  perturbation  and  hence,  any  first- 
order  response  property  can  be  calculated  as  a  direct  product  of  the  same  "response 
density"  and  property  integrals  corresponding  to  the  property  of  interest.  Identical 
expressions  for  the  first-order  properties  can  also  be  derived  from  CC  response 
theory  [88]. 

It  is  important  to  note  that  the  MO  relaxation  effects  are  not  incoporated  in  the 
"response  density".  When  MO  relaxation  effects  are  incorporated,  we  can  identify 
a  similar  quantity  known  as  the  "relaxed  density"  and  first-order  properties  once 
again  can  be  calculated  as  a  direct  product  of  the  perturbation  independent  "relaxed 
density"  and  repective  property  integrals  [3].  The  effects  of  orbital  relaxation  on 
first-order  properties  have  been  shown  to  be  negligibly  small  [3]. 


Taking  the  second  derivative  with  respect  to  the  order  parameter  subject 
to  the  same  constraints  as  the  first  derivative,  we  get 


E"^""^  =  {0\A''^  h'''"  \0)  +  (0|(1  +  A)[. 


(3.199) 


(0|(1+A)i/"  |0) 


where 


Kl^=  0 


(3.200) 


(3.201) 


and 


(3.202) 
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The  equations  that  determine  the  first  order  operators  T*^^  and  A"'^  are  obtained 
by  differentiation  of  the  CC  and  lambda  equations  with  respect  to  kjv,  which  yields 

{q^\H     +  [f,T'^'^J|0)  =  0  (3.203) 

(0|A«-  [h,  q^]  |0)  +  (0|(1  +  A)  +  [h,  T'^-]  ) ,  q,]  |0)  =  0  (3.204) 

It  is  possible  to  eliminate  the  derivative  A*^^,  which  depends  on  the  solution 
for  T'^'^,  from  the  expression  for  the  second  derivative  of  the  energy.  Multiplying 
Eqn.  3.203  (in  which  we  replace  /cjv  by  «jv')  by  the  coefficients  A^^  and  summing 
over  /i  gives 

(OIA'^^^^"'''  |0)  =  -(0|A'^'^      r'^'^']  |0)  (3.205) 

The  right-hand  side  of  this  equation  subsequently  can  be  rewritten  by  multiplying 
Eqn.  3.204  by  T^'^'  and  summing  over  fj,.  This  procedure  yields 

(OIA"^//     |0)  =  -(0|A'''^ \h,  T"^']  |0) 

=  (0|(l  +  A)[^/f    +  [/f,T«^Jj,r'^'^'J|0) 

In  this  latter  expression  we  have  eliminated  A"^  at  the  expense  of  introducing  a 
second  commutator.  If  we  substitute  this  expression  into  Eqn.  3.199,  the  total 
second-order  energy  derivative  takes  the  form 

E'^NK^'  =(0| (1  +  A) [^'"" ,  T'^^]  |0)  -h  (0 1 ( 14-  A) [h'^''  ,  T""^' ] |0) 

(3.207) 

+  (0|(1  +  A)[[H,  T'^^l  T'^N']|o)  +  (o|(l  +  A)^"''"'"  |0) 
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which  is  symmetric  in  and  k^i,  as  required  by  elementary  considerations. 
The  first  three  terms  in  Eqn.  3.207  define  the  quadratic  EOM-CCSD  model  when 
the  T  and  A  operators  are  restricted  to  single-  and  double-substitution  operators. 
The  third  term  originates  from  the  second-order  terms  in  the  Hamiltonian,  and 
similarly  to  the  situation  with  correlated  first-order  properties,  these  contributions 
are  evaluated  simply  as  a  direct  product  of  "response  density"  and  property 
integrals  corresponding  to  the  property  of  interest.  Note  that,  here,  the  derivation 
of  Eqn.  3.207  has  been  carried  out  specifically  for  NMR  spin-spin  coupling 
constants.  However,  it  is  equally  applicable  to  any  other  second-order  property 
when  substituted  with  appropriate  operators  for  H  and  H  [89].  It  is  also 
important  to  note  that  the  quadratic  EOM-CCSD  model  scales  correctly  with 
the  size  of  the  system  and  is  identical  to  the  CC  linear  response  function  [88]. 
However,  Eqn.  3.207  in  general  cannot  be  written  as  a  sum-over-states  expression 
and  therefore  will  differ  from  the  second-order  perturbation  theory  expression 
which  defines  the  Cl-like  EOM-CCSD  model. 

In  order  to  make  the  connection  with  second-order  perturbation  theory  we 
expand  the  commutators  in  Eqn.  3.207,  and  regroup  the  terms  as 


|0)- 


(3.208) 
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(01(1  +  A)T''^'         +      T*^^] )  |0)  + 

(0|(1  +  A)      T'^nt^nJ  |o)  +  (o|(l  +  A)^'""''"  |0) 
The  second  (and  similarly  the  third  term)  can  be  simplified  greatly.  First  we 

use  the  fact  that  Eqn.  3.203  for  the  perturbed  T-amplitudes  is  satisfied,  and  by 

inserting  a  resolution  of  the  identity  in  the  second  term,  after  T*^^ ,  it  is  seen  that 

only  the  contribution  from  the  reference  state  remains 

(0|(1  +  A)T'^'^|0)(0|//     +  |i7,T'^'^'||0)  (3.209) 

The  second  term  in  the  product  above  can  be  rewritten 

(Ol^"'"  +  [^,T'^'^'1|0)  =  (0|(1  +  A)(^'''"  +  [^,T«^'1)|0) 

=  (0|(1  +  A)//     \0)  =  E''f'' 
where  in  deriving  the  first  equality  we  used  once  more  the  equation  for  the 

perturbed  amplitudes  T"'^,  Eqn.  3.203,  while  in  going  from  the  second  to  the  third 

expression  we  invoked  the  lambda  equations  3.193.  Combining  these  results  we 

rewrite  equation  3.208 

^KATK;,,  =(o|(l  +  A)(^'''^'  -  E''^'^T''''\0)+ 

'  (3.211) 

(0|(1  +  A)[^,T'''^T''^']|0)+ 

(0|(1  +  A)i/  '^lO) 
As  we  will  show  below,  the  first  two  terms  constitute  precisely  the  second-order 
perturbation  theory  expression  for  second-order  properties  within  the  equation  of 
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motion  coupled  cluster  framework,  which  we  refer  to  as  the  Cl-like  approximation 
to  EOMCC.  The  last  term  constitutes  the  quadratic  correction  term  that  is  added  to 
the  Cl-like  approximation  to  yield  the  quadratic  EOMCC  model.  Let  us  note  that 
all  these  manipulations  are  strictly  valid,  in  particular,  if  the  excitation  space  is 
restricted  to  single-  and  double-substitution  operators.  Therefore  Eqns.  3.211  and 
3.207  are  completely  equivalent,  and  in  practice  we  use  Eqn.  3.207  to  evaluate 
the  complete-second  order  energy  within  the  quadratic  approximation. 
The  quadratic  correction  term  can  be  rewritten  as 


where  the  projection  operator  \Q){Q\  refers  to  the  higher  excitations  that  are 
not  explicitly  considered  in  the  CC  model  under  consideration.  In  the  last 
step  we  used  the  alternative  from  of  the  lambda  equations,  Eqn.  3.194.  It  is 
seen  that  the  quadratic  and  Cl-like  models  in  EOM-CC  theory  are  completely 
equivalent  if  and  only  if  the  cluster  expansion  is  complete.  Otherwise  they  differ 
by  the  amount  given  in  Eqn.  3.212.  The  quadratic  model  is  size-extensive, 
which  follows  from  the  conmiutator  form  of  the  second-order  energy.  The  Cl- 
like  model  contains  disconnected  terms  and  therefore  does  not  fully  satisfy  the 
size-extensivity  criterion.  Previous  discussion  of  this  topic  has  been  given  by 
Kobayashi  et  al.  [90]  and  Sekino  and  Bartlett  [91]. 


(0|(1-FA)  [#,T'''^'T''^]|0) 


(3.212) 
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In  order  to  establish  the  connection  between  the  Cl-like  EOM-CCSD  model 
and  the  sum-over-states  expression,  let  us  analyze  the  first-order  amplitude  equa- 
tions 

{q^\[H,T'^-]\0)  =  -{q^\H''"\0)  (3.213) 

Expanding  the  operator  T'^^  we  find  that  the  coefficients  f^^  can  be  obtained 
from  a  linear  system  of  equations 

Y,(Q,^\[h,Qu]\OK-  =      VC'^  =  -(9/.|^''''|0)  (3.214) 

U  V 

The  matrix  A  is  the  matrix-representation  of  [H  —  E),  within  the  space  of  singly 
and  doubly  substituted  determinants.  In  order  to  obtain  the  desired  sum-over-states 
expression,  we  diagonalize  the  CC  Jacobian  A  to  obtain  its  spectral  representation. 

A  =  J2fx{Ex-E)ix  (3.215) 

A 

Here  f  and  f  denote  the  right  and  left  hand  eigenvectors  of  the  matrix  A,  whose 
eigenvalues  correspond  to  approximate  excitation  energies  of  the  system.  Let  us 
note  that  the  matrix  A  is  non-singular  if  the  ground  state  is  non-degenerate,  and 
in  terms  of  the  eigenstates  of  A  the  perturbed  amplitudes  can  then  immediately 
be  written 

™io\  -  V _MMILM  -  V  I/a)(/a|/^  |o) 


I 
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and  the  second-order  energy  expression  becomes 

j,NN'     sr  (0|(l  +  A)(/f     -E--)\h){h\H  |0) 


E 


(£;  -  Ex) 

{0\{1  +  A){H'^^'  -E'^'^')\fx){fx\H  10) 


(3.217) 


Further  note  that  the  states  |/)  and  (/|  are  obtained  by  diagonalizing  H  -  E 

over  a  restricted  subspace.  In  particular,  the  reference  state  is  missing  from  the 

expansion  manifold.  Alternatively,  we  can  diagonalize  H  —  E  over  the  space  of 

singles,  doubles,  and  the  reference  determinant  |0).  Due  to  the  special  structure 

of  the  matrix,  i.e.  {q\{H  —  E)\Q)  =  0,  there  exists  a  trivial  relationship  between 

the  full  eigenvectors  |^a)  and  the  eigenvectors  in  the  restricted  subspace,  \fx), 

while  the  eigenvalues  are  completely  identical  [5].  The  full  space,  of  course, 

yields  one  additional  eigenvalue  equal  to  zero,  and  the  corresponding  left-  and 

right-eigenvectors  describe  the  CC  ground  state.  In  summary 
'  \^k)  =  \fk)+ck\0) 

l*o)  =  |0) 

(3.218) 

{^k\  =  {fk\ 
(^o|  =  (0|(l  +  A) 

Therefore,  since 

{^q\(h     -£;''^j|0)  =  0  (3.219) 

one  can  replace  the  states  |/a)  by  \^x)  in  Eqn.  3.217,  and  the  Cl-like  EOM- 
CCSD  expression  for  second-order  properties  is  equivalent  to  the  second-order 
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perturbation  expression  based  upon  H  as  the  zeroth-order  Hamiltonian,  and  where 
all  configurations  are  restricted  to  be  at  most  doubly  excited 

pKN^N'  —     \  \  I  |_ 

^  [E-Ek) 


(3.220) 


This  expression  may  be  directly  compared  to  the  generic  sum-over-states  expres- 
sion based  on  second-order  perturbation  theory  expression.  We  might  add  here, 
that  once  the  substitution  |/a)  — >  |*a)  is  made,  the  first-order  energy  contribution 
is  redundant,  because  of  the  orthogonality  of  the  states  involved. 

As  mentioned  earlier,  the  derivation  presented  here  was  specifically  for  NMR 
spin-spin  coupling  constants,  but  Eqn.  3.220  is  more  general  and  can  be  used  with 


any  other  second-order  property  when  substituted  with  the  appropriate  E  and 
E  .  The  EOM-CCSD  Cl-like  approximation  has  already  been  used  to  calculate 
dynamic  molecular  polarizabilities  [92,  89]  and  NMR  spin-spin  coupling  constants 
[91,  93]. 

To  summarize,  the  Cl-like  EOMCC  expression  given  in  Eqn.  3.220  is  identical 
with  the  quadratic  EOMCC  or  CC  energy  derivative  expression  (without  orbital 
relaxation  effects),  only  when  the  operators  T  and  A  are  untruncated  (e.g.  two 
electron  systems  in  the  CCSD  case).  When  the  excitation  operators  are  truncated, 
the  coupled  cluster  second-order  energy  derivative  can  be  recovered  from  the 
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Cl-like  approximation  by  adding  the  so-called  quadratic  term  (see  the  third  term 
in  Eqn.  3.211).  Alternatively,  and  more  practically,  the  CC  energy  derivative 
is  evaluated  from  equation  3.207.  A  consequence  of  neglecting  the  quadratic 
term,  as  in  the  case  of  EOM-CCSD  Cl-like  method,  is  that  the  approximation 
is  not  rigorously  size  extensive.  The  numerical  accuracy  of  the  EOM-CCSD 
Cl-like  method  has  been  tested  on  calculating  dipole  polarizabilities  and  it  has 
shown  to  be  accurate  for  small  isolated  molecules  although  there  are  exceptions 
[89].  However,  as  Kobayashief  al.  [90]  demonstrated  the  size-extensivity  error 
may  become  excessive  if  the  the  first-order  property  contribution  in  the  Cl-like 
expression  for  the  second-order  property  becomes  dominant.  For  NMR  spin-spin 
coupling  constants  this  is  an  unlikely  occurence  as  most  first-order  contributions 
vanish  by  symmetry.  Only  the  PSO  contribution  can  suffer  from  this  source  of 
error,  but  the  first-order  PSO  contribution  is  usually  small. 


CHAPTER  4 

THEORETICAL  CALCULATION  OF  INDIRECT  NUCLEAR  SPIN-SPIN 
COUPLING  CONSTANTS:  AN  HISTORICAL  PERSPECTIVE 

4.1  Introduction 

In  this  chapter,  we  will  present  a  brief  literature  survey  of  the  theoretical 
calculation  of  indirect  nuclear  spin-spin  coupling  constants.  This  will  help  us  to 
assess  the  current  state  of  the  problem,  identify  both  conceptual  and  theoretical 
problems  associated  with  indirect  nuclear  spin-spin  coupling  constant  calculations, 
and  also  to  identify  interesting  practical  applications.  In  the  conclusion,  we  present 
an  assessment  of  the  current  state  of  the  problem  and  also  a  discussion  of  the 
problems  associated  with  the  theoretical  calculation  of  NMR  spin-spin  coupling 
constants. 

4.2  Theoretical  Indirect  Nuclear  Spin-Spin  Coupling  Constants 

Original  molecular  orbital  calculations  of  nuclear  spin-spin  coupling  were 
reported  by  Pople  and  Santry  in  1964  [94,  95].  These  early  studies  were 
based  on  the  semi-empirical  uncoupled  Hartree-Fock  method  and  were  limited 
only  to  the  FC  contribution.  Theoretical  developments  prior  to  1965  have 
been  reviewed  by  Barfield  and  Grant  [96].  Pople  and  coworkers  [97,  97] 
adapted  the  finite  perturbation  (FP)  method  as  a  means  of  applying  the  coupled 
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Hartree-Fock  (CPHF)  method  to  the  nuclear  spin-spin  coupling  problem.  The 
semi-empirical  finite  perturbation  Hartree-Fock  method,  limited  only  to  the  FC 
contribution  has  been  tested  thoroughly  on  simple  organic  molecules  and  shown 
to  predict  qualitative  trends  [98-100].  Blizzard  and  Santry  [101]  incorporated  the 
analytical  Hartree-Fock  energy  derivative  method,  thus  increasing  the  accuracy 
and  the  efficiency  of  indirect  nuclear  spin-spin  coupling  constant  calculations 
by  CPHF.  They  reported  both  the  PSO  and  SD  contributions  in  addition  to 
the  FC  contribution,  all  based  on  the  semi-empirical  analytical  CPHF  method. 
Shortly  after  that,  Ditchfield  and  Snyder  [102]  reported  the  first  ab  initio  CPHF 
NMR  spin-spin  coupling  constants.  These  and  several  other  authors  demonstrated 
the  importance  of  the  PSO  and  SD  contributions  in  certain  couplings,  such  as 
'JC'^C'^F)  of  CH3F  based  on  ab  initio  CPHF  results.  The  DSO  contribution  has 
also  been  shown  to  be  significant  in  certain  cases,  for  example  the  ^J(^H^H)  of 
first-row  hydrides  [103,  104]. 

The  performance  of  the  ab  initio  CPHF  method  had  been  tested  thoroughly  on 
a  wide  variety  of  systems  and  the  reported  results  are  summarized  in  Kowalewski's 
review  [105].  The  ab  initio  CPHF  method  usually  predicts  qualitative  trends 
correctly,  but  it  tends  to  overestimate  the  indirect  nuclear  spin-spin  coupling 
constants  by  a  factor  of  two  in  certain  cases.  It  also  suffers  from  the  well- 
known  triplet  instability  problem  [106].  However,  the  CPHF  method  itself  and 
various  semi-empirical  approximations  to  it  are  in  fact  routinely  used  in  qualitative 
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calculations  of  NMR  spin-spin  coupling  constants  of  larger  molecules  [107,  108]. 
It  is  also  evident  from  these  studies  that  for  carbon  hydrogen  coupling  constants  in 
organic  molecules,  the  FC  is  dominant  and  all  the  other  non-contact  contributions 
can  be  neglected.  However,  this  is  not  often  the  case  for  coupling  constants 
involving  other  nuclei.  Another  general  picture  that  arises  is  that  the  basis 
set  requirements  vary  for  different  types  of  coupling  and  for  different  chemical 
situations.  From  the  experience  with  CPHF  calculations  one  concludes  that, 
for  quantitatively  accurate  results,  all  the  non-contact  contributions  and  electron 
correlation  effects  need  to  be  considered. 

Various  theoretical  methods  which  go  beyond  the  CPHF  approximation  have 
been  used  to  include  electron  correlation  effects.  Methods  derived  from  en- 
ergy derivatives  can  be  applied  to  any  level  of  theory  when  combined  with 
numerical  evaluation  of  derivatives,  and  many  examples  of  such  finite  pertur- 
bation calculations  are  reported  in  the  literature.  A  brief  list  include  finite- 
perturbation  configuration-interaction  (FP-CI)  [109,  110],  finite  perturbation 
multi-configurational  self-consistent  field  (FP-MCSCF),  density  functional  meth- 
ods [111],  finite-perturbation  second-order  many-body  perturbation  theory  (FP- 
MBPT(2))  [112-114],  finite  perturbation  higher-order  many-body  perturbation 
theories  (FP-MBPT(3),  FP-MBPT(4))  and  finite  perturbation  coupled-cluster 
methods  (FP-CC)  [115,  116]  which  have  all  been  used  to  calculate  NMR  spin- 
spin  coupling  constants.  Since  each  component  of  the  coupling  tensor  requires 
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at  least  two  separate  energy  calculations,  finite  field  calculations  become  very 
cumbersome  for  all  couplings,  except  for  the  FC  contribution.  As  a  result,  these 
finite  perturbation  calculations  were  limited  to  smaller  molecules  and  most  often 
the  non-contact  contributions  were  ignored  or  estimated  by  the  CPHF  method. 
Recently,  FP-MBPT(2)  methods  have  been  used  to  calculate  the  nuclear  spin-spin 
coupling  tensors  including  all  four  contributions  [117].  Finite  perturbation  meth- 
ods have  been  very  useful  to  calibrate  various  correlated  theoretical  models  with 
respect  to  nuclear  spin-spin  coupling  constant  calculations. 

Analytical  methods  do  not  suffer  from  any  of  the  complications  listed  above 
and  the  full  spin-spin  coupling  tensor  can  be  directly  obtained  by  a  single  calcula- 
tion. However,  due  to  technical  difficulties  in  implementing  analytical  derivatives 
for  high-level  correlated  methods,  their  wide  spread  application  to  indirect  nuclear 
spin-spin  coupling  constants  has  been  limited  mainly  to  the  CPHF  approximation 
[118].  Other  analytical  correlated  approaches  for  nuclear  spin-spin  coupling  con- 
stants are  based  upon  the  polarization  propagator  (PP)  [69,  119]  or  equation-of- 
motion  formalism  [120,  121].  The  EOM  or  PP  calculations  have  been  performed 
at  various  levels  of  approximation,  in  most  cases  starting  with  the  RPA  level, 
the  first-order  approximation  to  the  EOM  or  PP,  which  is  indentical  to  the  CPHF 
method  derived  from  Hartree-Fock  energy  derivative  theory  as  shown  in  chapter  2. 
The  second-order  polarization  propagator  approach  (SOPPA)  [122]  is  a  consistent 
second-order  approximation  to  the  PP.  If  the  second-order  reference  state,  used  in 
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SOPPA,  is  replaced  by  a  coupled-cluster  approximation  for  the  ground  state  (CCD 
or  CCSD  are  commonly  used)  one  obtains  the  coupled-cluster  polarization  prop- 
agator approach  (CCDPPA  or  CCSDPPA)  .  Other  analytical  correlated  methods 
include,  for  example,  uncoupled  perturbation-CI  [127,  128],  valence-bond  theory 
[129,  130],  multi-configuration  coupled  Hartree-Fock  (MCCHF)  [131],  equation- 
of-motion/higher-order  random  phase  approximation  (EOM/HRPA)  [121,  132, 
133],  multi-configuration  linear  response  theory  (MCLRT)  [134].  These  analytical 
methods  should  be  in  principle,  widely  applicable  and  convenient  for  the  calcula- 
tion of  non-contact  interactions.  In  some  instances,  a  combination  of  both  energy 
derivatives  and  analytical  sum-over-state  type  expressions  have  been  used.  As  an 
example,  in  recent  density  functional  worl:  of  Malkin  and  coworkers  [135],  the 
FC  contribution  is  calculated  as  an  energy  derivative  and  the  PSO  contribution  is 
calculated  analytically  using  a  sum-over-state' s-type  expression. 

It  is  evident  from  the  correlated  calculations  that  the  FC  term  usually  requires 
larger  basis  sets  and  correlations  effects  beyond  second-order.  However,  the  other 
contributions  are  less  sensitive  to  the  basis  set  and  correlation  effects.  In  general, 
C  and  H  coupling  constants  of  organic  molecules  in  usual  bonding  situations 
are  pretty  well  described  by  most  of  the  correlated  methods,  such  as  HRPA, 
SOPPA,  CCSDPA,  MCLRT  and  density  functional  methods  and  in  addition  the 
non-contact  contributions  to  such  coupling  constants  are  negligibly  small.  The 
difficult  cases  like  F  and  H  coupling  in  HF,  N  and  N  coupling  in  N2  and  C 
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and  O  coupling  in  CO,  not  only  have  large  non-contact  contributions  but  also 
require  highly  correlated  methods.  The  CCSDPPA  and  MCLRT  combined  with 
appropriate  basis  sets  seems  to  give  quantitative  results  for  such  cases  as  evident 
from  the  limited  results  available  in  the  literature  based  on  such  methods. 

4.3  Conclusions 

With  the  use  of  modem  high  resolution  NMR  spectrophotometers,  nuclear 
spin-spin  couplings  can  be  measured  more  and  more  accurately  on  a  wide  variety 
of  systems.  Their  applications  in  structure  elucidations  [136]  and  conformational 
analysis  also  have  seen  a  large  growth,  in  particular,  in  the  areas  of  conformational 
analysis  of  proteins,  nucleic  acids  and  polysaccharides.  In  some  instances  totally 
new  nuclear  spin-spin  coupling  phenomena  have  been  observed.  For  example, 
very  large  and  strongly  temperature-dependent  one-bond  hydrogen-hydrogen  cou- 
pling constants,  ^J(^H^H),  between  metal-bonded  hydride  protons  are  observed 
in  the  NMR  of  transition-metal  trihydrides,  with  extremely  large  one  bond 
boron  and  tin  coupling  constants  ^J(^^B^^^Sn)  occur  in  boranes  with  tin  bonded 
to  the  apical  position  (these  types  of  couplings  are  the  largest  that  have  been  mea- 
sured so  far).  A  compilation  of  recent  measurements  of  indirect  nuclear  spin-spin 
coupling  constants  can  be  found  in  an  excellent  review  by  Kamien'ska-trela  [1]. 
Accurate  theoretical  calculations  are  required,  for  instance  to  verify  these  mea- 
surements, or  in  some  cases,  the  coupling  constants  of  interest  cannot  be  directly 
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measured  and  one  has  to  resort  to  theoretical  calculations.  The  spin-spin  coupling 
mechanisms  are  subtle  and  correlating  them  to  the  charge  distribution,  bonding 
and  dynamic  exchange  processes  in  molecules  is  not  straightforward  and  requires 
theoretical  support. 

The  problems  associated  with  the  theoretical  calculation  of  indirect  nuclear 
spin-spin  couplings  are  two-fold.  First,  the  indirect  nuclear  spin-spin  coupling 
constants  formally  are  second-order  properties.  Usually,  second-order  properties 
are  much  more  sensitive  to  electron  correlation  and  basis  set  effects  than  their  first- 
order  counterparts.  The  indirect  nuclear  spin-spin  coupling  constants  often  require 
large  basis  sets  and  electron  correlation  effects  beyond  second-order  perturbation 
theory.  The  second  problem  is  that  in  nonrelativistic  theory  the  full  spin-spin 
coupling  tensor  is  the  sum  of  four  contributions:  Fermi -contact  (FC),  spin-dipole 
(SD),  paramagnetic  spin-orbit  (PSO)  and  diamagnetic  spin-orbit  (DSO).  It  is  well 
known  that  for  quantitative  accuracy  all  four  of  these  terms  need  to  be  calculated. 
As  a  general  rule,  the  FC  term  is  much  more  sensitive  to  the  correlation  and 
basis  effects  compared  to  the  other  three  terms.  Fortunately,  in  the  case  of  the 
FC  contribution  there  is  only  one  perturbation  for  each  one  of  the  coupled  nuclei, 
while  there  are  three  and  six  perturbations  in  case  of  the  PSO  and  SD  terms 
respectively.  Consequently,  the  PSO  and  SD  contribution  are  roughly  nine  and 
thirty-six  times  more  expensive  than  the  FC  contribution.  The  DSO  term  is 
evaluated  as  a  relatively  cheap  expectation  value,  but  the  algorithm  to  evaluate 
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atomic  orbital  integrals  over  Gaussian  basis  functions  has  not  been  available  until 
recently  [137].  Moreover,  the  current  algorithm  requires  a  numerical  step  and, 
altogether,  the  DSO  integral  evaluation  is  time  consuming. 

In  spite  of  these  formal  and  technical  difficulties,  as  noted  earlier,  recent 
theoretical  models  such  as  CCSDPPA  and  MCLR  with  appropriate  basis  sets  are 
able  to  provide  accurate  nuclear  spin-spin  coupling  constants.  However,  these 
methods  are  severely  demanding  of  computer  resource  and  their  applications  are 
often  limited  to  smaller  systems.  As  indicated  earlier,  however,  there  will  be  a  lot 
of  interesting  new  applications  for  methods  which  would  give  quantitative  nuclear 
spin-spin  coupling  constants  for  medium  size  molecules  (8-10  non-hydrogen 
atoms). 

I 
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CHAPTER  5 

A  CRITICAL  ASSESSMENT  OF  THE  EOM-CCSD  METHOD  FOR  INDIRECT 
NUCLEAR  SPIN-SPIN  COUPLING  CONSTANT  CALCULATIONS 

5.1  Introduction 

Before  applying  a  new  theoretical  method  to  a  hitherto  unknown  molecular 
property,  it  is  important  to  asses  the  strengths,  weaknesses  and  overall  quality 
of  the  method  by  comparing  the  results  obtained  with  the  new  method  to  other 
theoretical  and  experimental  data  for  similar  types  of  problems.  This  "calibration" 
is  a  dynamic  and  continuous  process.  Each  time  the  method  is  applied  to  a  new 
problem,  new  information  about  the  performance  is  gained,  thus  modifying  the 
assessment  of  the  method  both  its  accuracy  and  strength. 

The  selection  of  an  appropriate  standard  to  compare  a  new  theoretical  method 
is  not  a  simple  task.  An  obvious  choice  would  be  experimental  results,  but  there 
are  some  potential  problems.  For  instance,  what  we  can  compute  directly  may 
not  be  easily  accessible  experimentally.  For  example,  computed  indirect  nuclear 
spin-spin  coupling  constants  correspond  to  isolated  molecules  at  absolute  zero 
degree  temperature.  Experimental  data  for  such  an  ideal  situation  is  of  course  not 
available  and  we  have  to  resort  to  the  experiments  which  are  closest  to  our  ideal 
model,  in  this  case  gas-phase  experiments.  In  other  instances,  computed  results 
agree  with  the  experiment  due  to  fortuitous  error  cancellations.  If  such  problems 
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are  given  due  attention,  experimental  results  can  be  very  useful  to  calibrate  a 
theoretical  method,  but  it  is  worth  considering  other  standards  as  well. 

For  a  given  Hamiltonian  and  basis  set,  the  full  configuration  interaction  (FuU- 
CI)  is  exact,  and  hence,  is  an  ideal  standard  to  assess  a  new  method.  Unfortunately, 
fuU-CI  calculations  are  nearly  impossible  except  for  the  simplest  systems  and 
the  results  available  for  comparison  are  severely  limited.  Another  option  is  to 
compare  with  methods  that  are  better  than  the  method  in  question  from  well- 
defined  theoretical  standpoints.  A  example  would  be  comparison  of  the  EOM- 
CCSD  Cl-like  approximation  to  the  EOM-CCSD  quadratic  model  which,  from 
theoretical  stand-points,  is  superior.  However,  quite  often,  the  implementation 
of  full  models,  due  to  additional  complications,  follows  after  the  approximate 
models,  forcing  such  comparisons  to  wait.  A  final  option  is  to  compare  with 
methods  which  cannot  really  be  designated  as  "better",  but  which  are  very  well 
tested  on  the  problem  at  hand.  Although,  these  comparisons  are  the  least  definitive, 
they  are  the  most  common  in  the  calibration  of  any  new  method. 

In  this  chapter,  a  systematic  study  of  the  performance  of  the  EOM-CCSD 
method  applied  to  indirect  nuclear  spin-spin  coupling  constant  calculations  is 
presented.  The  overall  performance  of  the  EOM-CCSD  method  is  assessed  by 
comparison  with  experiment  and  other  well-established  methods.  The  basis  set 
dependence  and  the  electron  correlation  effects  on  the  nuclear  spin-spin  coupling 
constant  calculations  within  the  EOM-CCSD  model,  considered  separately  for  the 
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individual  contributions  (FC,  SD,  PSO  and  DSO)  is  reported.  The  molecules  were 
choosen  to  cover  a  wide  variety  of  coupling  constants,  and  often  have  couplings 
which  were  identified  as  difficult  cases  for  quantitative  theoretical  estimation 
by  previous  calculations.  Certain  systems,  known  to  have  large  non-contact 
couplings,  were  taken  into  consideration  too. 

5.2  Basis  Set  Dependence  and  Electron  Correlation  Effects  on  Nuclear 
Spin-Spin  Coupling  Constants  Within  the  EOM-CCSD  Method. 

In  order  to  assess  the  magnitude  of  non-contact  (SD,  PSO,  and  DSO)  con- 
tributions, basis  set  and  electron  correlation  effects,  calculations  have  been 
carried  out  on  a  number  of  molecules  using  different  basis  sets.  The  se- 
lection of  molecules  includes  B2H6,  CH3CN,  CH3F,  C2H4  and  CH3NH2 
and  covers  a  wide  range  of  coupling  situations.  All  the  geometries  of 
our  selection  of  molecules  have  been  optimized  at  the  CCSD  level  using 
a  triple-zeta  double  polarization  (TZ2P)  basis  set;  results  are  presented  in 
Table  5.1.  The  TZ2P  basis  consists  of  (1  ls,6p,2d)/[5s,3p,2d]  contraction 
for  B,  C,  N  and  F  and  a  (5s,2p)/[3s,2p]  contraction  for  hydrogen.  The 
sp  set  has  been  taken  from  Dunning  [138].  Polarization  exponents  have 
been  optimized  locally  for  several  prototype  molecules  at  the  MBPT(4) 
level  of  correlation  and  are  contracted  following  a  recipe  by  Dunning  [139]. 
Spherical  harmonic  gaussian  basis  functions  have  been  used  in  all  the  geom- 
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etry  optimizations.  We  liave  chosen  to  use  CCSD/TZ2P  optimized  geometries 
instead  of  experimental  geometries  to  avoid  any  ambiguities  arising  from  uncer- 
tainties in  the  reported  experimental  structures  and  also  to  have  a  consistent  set 
of  geometrical  parameters  for  the  selected  set  of  molecules. 

We  have  chosen  the  double-zeta  plus  polarization  (DZP),  triple-zeta  plus 
polarization  (TZP),  a  basis  set  due  to  Chipman  [140],  which  is  of  triple-zeta  plus 
polarization  quality  but  especially  optimized  for  properties  which  depend  only 
on  the  quality  of  the  wave  function  at  the  nuclei  and,  finally  a  quadruple-zeta 
plus  polarization  (QZP)  basis  set.  These  basis  sets  are  widely  used  in  correlated 
electronic  structure  calculations,  hence  it  is  useful  to  calibrate  the  EOM-CCSD 
models  with  respect  to  these  basis  sets  when  applied  to  NMR  spin-spin  coupling 
constant  calculations.  The  detailed  structure  of  each  basis  set  is  as  follows: 

1.  The  DZP  basis  consists  of  a  [9s,5p,ld]/(4s,2p,ld)  contraction  for  B,  C,  N, 
O,  F  and  a  [4s,lp]/(2s,lp)  contraction  for  H.  The  sp  set  has  been  taken  from 
Dunning  [138]  and  the  polarization  exponents  have  been  optimized  locally  at 
a  correlated  level  [141]. 

2.  The  TZP  basis  consists  of  [10s,6p,ld]/(5s,3p,ld)  contraction  for  B,  C,  N,  O, 
F  and  a  [5s,lp]/(3s,lp)  contraction  for  H  [139].  The  polarization  exponents 
are  identical  to  those  of  the  DZP  basis  sets  described  above. 


121 


3.  Chipman's  basis  consists  of  a  [10s,6p,ld]/(6s,3p,ld)  contraction  for  B,  C,  N, 
O,  F  and  a  [6s,lp]/(4s,lp)  contraction  for  H  [142]. 

4.  The  QZP  basis  consists  of  a  [lls,7p,ld]/(6s,4p,ld)  contraction  for  C,  N, 
O,  F  and  a  [7s,2p]/(4s,2p)  contraction  for  H  [143  ].  The  exponents  of  the 
polarization  functions  have  been  chosen  for  the  QZP  basis  sets  as  follows: 
0.8  for  C,  1.0  for  N,  1.2  for  O,  1.4  for  F  and  1.39  and  0.46  for  H. 

In  our  calculation  on  C2H4  we  used  in  addition  basis  sets  consisting  of  a 
[15s,7p,4d]/(10s,5p,4d)  contraction  for  C  and  a  [9s,2p]/(6s,2p)  contraction  for 
H  [125]. 

For  each  molecule  there  are  several  coupling  constants  and  each  of  the 
coupling  constants  has  four  contributions.  Since  we  consider  several  molecules 
with  several  different  basis  sets  there  is  an  enormous  amount  of  data  to  present 
and  analyse.  We  have  chosen,  therefore,  to  present  detailed  results  for  one 
representative  molecule  and  to  limit  the  discussion  to  a  statistical  analysis  for 
the  other  molecules.  The  statistical  analysis  mainly  concerns  the  study  of  basis 
set  effects  and  the  effects  of  the  quadratic  contribution.  To  analyse  the  effect  of 
electron  correlation  and  to  compare  with  experiment  and  other  theoretical  methods, 
we  present  all  the  couplings  obtained  with  the  most  extensive  QZP  basis  set. 
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The  CH3CN  molecule  has  been  chosen  as  our  representative  example  to 
discuss  the  basis  set  effects  and  the  effects  of  the  quadratic  contribution.  Tables 
5.2-5.5,  present  the  FC,  SD,  PSO,  and  DSO  contributions  to  each  of  the  coupling 
constants  of  CH3CN  obtained  using  four  different  basis  sets  (DZP,  TZP,  Chipman, 
and  QZP).  Both  EOM-CCSD  Cl-like  and  the  quadratic  results  are  presented  for 
FC,  SD  and  PSO  contributions.  The  DSO  contributions  given  in  Table  5.5  are 
evaluated  using  the  CCSD  response  density  (no  orbital  relaxation  effects). 

Along  with  those,  we  have  also  presented  the  difference  of  the  DZP,  TZP  and 
Chipman  basis  set  absolute  results  for  the  FC,  SD,  PSO,  and  DSO  contributions 
and  the  corresponding  results  in  the  QZP  basis.  This  difference  is  multiplied  by 
the  sign  of  the  contribution  at  the  QZP  level,  such  that  the  difference  provides  a 
direct  measure  of  the  difference  in  magnitude  or  absolute  value  of  the  contribution. 
If  the  difference  is  positive  the  magnitude  of  the  QZP  value  is  larger  than  the 
magnitude  of  the  respective  basis  set  value,  and  conversely.  This  convention  will 
allow  us  to  observe  a  trend  towards  more  pronounced  values  for  the  couplings, 
with  increasing  size  of  the  basis  set,  if  such  a  trend  exists. 

As  a  statistical  measure  of  basis  set  dependence  of  the  FC  contribution,  we 
use  both  the  mean  absolute  deviation  and  the  mean  absolute  percentage  from 
the  QZP  results.  For  the  other  three  contributions,  we  report  only  the  mean 
absolute  deviation  as  the  contributions  are  often  so  small  that  the  percentage  error 
is  not  very  meaningful.  For  similar  reasons  the  FC  contributions  less  than  1  Hz 


123 

Table  5.2.  The  Fermi-contact  contribution  to  the  NMR  spin-spin  coupling 
constants  CH3CN  (in  Hz)  obtained  using  different  basis  sets^ 


Deviations'' 


DZP 

TZP 

Chipman 

QZP 

DZP 

TZP 

Chipman 

-12.30 
-12.32 

-12.71 
-12.71 

-14.39 
-14.48 

-13.15 
-13.17 

0.85 
0.85 

0.44 
0.46 

-1.24 
-1.31 

Quad.  Con. 

0.02 

0.00 

0.09 

0.02 

ij(i3ciH) 

118.17 
118.86 

122.37 
123.08 

125.03 
125.72 

123.29 
124.06 

5.12 
5.20 

0.92 
0.98 

-1.74 

-0.08 

Quad.  Con. 

0.69 

0.71 

0.69 

0.77 

2J(13c15N) 

2.36 
2.41 

2.37 
2.42 

2.53 
2.60 

2.46 
2.52 

0.10 
0.11 

0.09 
0.10 

-0.07 
-0.08 

Quad.  Con. 

0.05 

0.05 

0.07 

0.07 

2J(13C'H) 

-9.81 
-10.21 

-9.63 
-10.07 

-10.07 
-10.51 

-9.91 
-10.39 

0.10 
0.18 

0.28 
0.32 

-0.16 
-0.12 

Quad.  Con. 

0.40 

0.44 

0.44 

0.48 

3J(15n1H) 

-1.00 
-1.07 

-1.06 
-1.14 

-1.28 
-1.38 

-1.16 
-1.25 

0.16 
0.18 

0.10 
0.11 

-0.12 
-0.13 

Quad.  Con. 

0.07 

0.08 

0.1 

0.09 

3J(1h1H) 

-14.98 
-15.26 

-15.54 
-15.88 

-15.94 
-16.28 

-15.59 
-15.97 

0.61 
0.71 

0.05 
0.09 

-0.35 
-0.31 

Quad.  Con. 

0.28 

0.34 

0.34 

0.38 

Mean  abs.  deviation 

1.16 
1.21 

0.31 
0.35 

0.61 
0.60 

Mean  abs.  percent  deviation 

5.67 
5.93 

3.25 
3.45 

4.65 
4.66 

^For  each  coupling,  the  first-row  of  data  corresponds  to  Cl-like  EOM-CCSD 
results  and  the  second-row  corresponds  to  quadratic  EOM-CCSD  results. 

^  The  deviations  are  evaluated  by  taking  the  difference  of  DZP,  TZP  and  Chipman 
basis  results  from  the  QZP  basis  results.  The  FC  contributions  less  than  1  Hz 
is  neglected  in  the  averaging. 
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Table  5.3.  The  spin-dipole  contribution  to  the  NMR  spin-spin  coupling 
constants  CH3CN  (in  Hz)  obtained  using  different  basis  sets*. 


Deviations' 


DZP 

TZP 

Chipman 

QZP 

DZP 

TZP 

Chipman 

-4.19 

-4.18 

-4.13 

-4.39 

0.20 

0.21 

0.26 

A  O^C 

U.Zo 

-4.34 

■A. 5 1 

-4./y 

A  /^A 

-4.0U 

A  T3 

A  "3  1 
U.J  1 

Quad.  Con. 

0.15 

0.19 

0.16 

0.21 

ij(i3c'H) 

0.05 

-0.21 

0.03 

0.03 

-0.02 

0.24 

0.00 

0.05 

-U.zU 

U.Uj 

A  A'3 

U.U3 

A  AO 

-O.Oz 

A 

0.23 

A  AA 

0.00 

Quad.  Con. 

0.00 

-0.01 

0.00 

0.00 

2t/13/->15xt\ 

-0.09 

-0.11 

-0.09 

-0.10 

0.01 

-0.01 

0.01 

-0.10 

-0.11 

A  AO 

A  1  A 

-U.  lU 

A  AA 
U.OO 

A  A 1 

-0.01 

A  A1 

0.01 

Quad.  Con. 

0.01 

0.00 

0.00 

0.00 

^J('^C'H) 

0.13 

0.12 

0.14 

0.13 

0.00 

0.01 

-0.01 

0.13 

0.13 

A  1  /I 

0.14 

0.13 

r\  r\r\ 

0.00 

0.00 

-0.01 

Quad.  Con. 

0.00 

0.01 

0.00 

0.00 

3J(15n1H) 

0.03 

0.03 

0.04 

0.03 

0.00 

0.00 

-0.01 

0.04 

0.04 

0.04 

0.03 

-0.01 

-0.01 

-0.01 

Quad.  Con. 

0.01 

0.01 

0.00 

0.00 

0.26 

0.30 

0.33 

0.31 

0.05 

0.01 

-0.02 

3j(iH^H) 

0.26 

0.30 

0.33 

0.31 

0.05 

0.01 

-0.02 

Quad.  Con. 

0.00 

0.00 

0.00 

0.00 

0.06 

0.08 

0.06 

Mean  abs.  deviation 

0.07 

0.08 

0.07 

*  For  each  coupling,  the  first-row  of  data  corresponds  to  the  Cl-like  EOM-CCSD 
results  and  the  second-row  corresponds  to  the  quadratic  EOM-CCSD  results. 

^  The  deviations  are  evaluated  by  taking  the  differences  of  absolute  of  DZP,  TZP 
and  Chipman  basis  results  from  the  QZP  basis  results,  and  multiplication  by  the 
sign  of  the  QZP  results  (see  text).  The  SD  contributions  less  than  0.05  Hz  is 
neglected  in  the  averaging. 
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Table  5.4.  The  paramagnetic  spin-orbit  contribution  to  the  NMR  spin-spin 
coupling  constants  CH3CN  (in  Hz)  obtained  using  different  basis  sets. 


DZP 

TZP 

Chipman 

QZP 

DZP 

Deviations^ 

TZP  Chipman 

1J(13c15n) 

1.48 

0.50 

1.54 

0.33 

-1.15 

-0.17 

-1.21 

1.38 

0.37 

1.44 

0.30 

-1.08 

0  07 

- 1 .  It- 

Quad.  Con. 

-0.10 

-0.13 

-0.10 

-0.03 

0.48 

1.14 

0.61 

1.07 

0.59 

-0.07 

0.46 

0.48 

1.15 

0.62 

1.08 

0.60 

-0  07 

0  Afi 

Quad.  Con. 

0.00 

0.01 

0.01 

0.01 

2J(13c15N) 

0.45 

0.40 

0.48 

0.40 

-0.05 

0.00 

-0.08 

0.46 

0.41 

0.49 

0.42 

-0.04 

n  01 

n  07 

Quad.  Con. 

0.01 

0.01 

0.01 

0.02 

2j(i3c'H) 

0.09 

0.09 

0.09 

0.16 

0.08 

0.08 

0.08 

0.08 

0.08 

0.09 

0.16 

0.08 

0.08 

0.07 

Quad.  Con. 

-0.01 

-0.01 

0.00 

0.00 

3J(15n1H) 

-0.21 

-0.30 

-0.21 

-0.36 

0.15 

0.06 

0.15 

-0.21 

-0.30 

-0.21 

-0.36 

0.15 

0.06 

0.15 

Quad.  Con. 

0.00 

0.00 

0.00 

0.00 

2.28 

2.37 

2.34 

2.81 

0.53 

0.44 

0.47 

2.28 

2.37 

2.34 

2.82 

0.54 

0.45 

0.48 

Quad.  Con. 

0.00 

0.00 

0.00 

0.01 

0.43 

0.14 

0.41 

Mean  abs.  deviation 

0.42 

0.12 

0.40 

^  For  each  coupling,  the  first-row  of  data  corresponds  to  the  Cl-like  EOM-CCSD 
results  and  the  second-row  corresponds  to  the  quadratic  EOM-CCSD  results. 
The  deviations  are  evaluated  by  taking  the  differences  of  DZP,  TZP  and  Chipman 
basis  results  from  the  absolute  QZP  basis  results,  and  multiplication  by  the  sign 
of  the  (QZP)  results  (see  text).  The  PSO  contributions  less  than  0.05  Hz  is 
neglected  in  the  averaging. 
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Table  5.5.  The  diamagnetic  spin-orbit  contribution  to  the  NMR  spin-spin 
coupling  constants  CH3CN  (in  Hz)  obtained  using  different  basis  sets. 


Deviation  ^ 


DZP 

TZP 

Chipman 

QZP 

DZP 

TZP 

Chipman 

-0.01 

0.00 

-0.01 

0.00 

0.01 

0.00 

-0.01 

0.55 

0.54 

0.53 

0.52 

-0.03 

-0.02 

-0.01 

2J('3c15n) 

0.08 

0.08 

0.08 

0.08 

0.00 

0.00 

0.00 

2J(13c1h) 

-0.15 

-0.16 

-0.16 

-0.17 

0.02 

0.01 

0.01 

0.22 

0.22 

0.22 

0.23 

0.01 

-0.07 

0.01 

-2.98 

-3.00 

-3.02 

-3.06 

0.08 

0.06 

0.04 

Mean  abs.  deviation'' 

0.03 

0.03 

0.01 

^  The  deviations  are  evaluated  by  taking  the  difference  of  DZP,  TZP  and  Chipman 
basis  results  from  the  QZP  basis  set  results,  and  multiplication  by  the  sign  of 
the  QZP  results  (see  text). 

^  The  DSO  contributions  less  than  0.05  Hz  are  neglected  in  the  averaging. 

and  the  PSO,  SD  and  DSO  contributions  less  than  0.05  Hz  have  been  discarded 
in  the  averaging.  The  averages  for  each  molecule  are  presented  in  Table  5.6. 
The  difference  between  absolute  quadratic  EOM-CCSD  results  and  Cl-like  EOM- 
CCSD  results  are  reported  in  Tables  5.2-5.5  (abbreviated  as  Quad,  con.)  as 
a  measure  of  the  magnitude  of  the  quadratic  contribution.  As  we  can  see,  the 
quadratic  contribution  to  the  FC,  SD,  and  PSO  contributions  are  small  in  all 
the  couplings  of  CH3CN.  This  is  usually  the  case  for  all  molecules  considered 
in  this  study.  The  largest  quadratic  contribution  is  about  3  Hz  and  occurs  in 
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Table  5.6.  The  mean  absolute  deviation  of  DZP,  TZP  and  Chipman  basis  set  results  for 
the  FC,  SD,  PSO  and  DSO  contributions  from  the  corresponding  QZP  basis  set  results^. 


A(QZP  -  DZP) 

A(QZP  -  TZP) 

A(QZP-Chipman) 

FC 

12.27  (12.51) 

2.02  (2.06) 

3.38  (3.50) 

1.31  (1.34) 

0.37  (0.37) 

0.40  (0.39) 

SD 

0  13  (0  14) 

0.20  (0.19) 

0.15  (0.15) 

PSO 

0.24  (0.24) 

0.16  (0.16) 

0.21  (0.21) 

DSO 

0.10 

0.02 

0.13 

FC 

5.57  (5.99) 

3.25  (3.51) 

4.65  (4.59) 

1.16  (1.20) 

0.31  (0.35) 

0.61  (0.60) 

CH3CN 

SD 

0.08  (0.07) 

0.06  (0.08) 

0  04  (0  07) 

PSO 

0.43  (0.42) 

0.13  (0.12) 

0.41  (0.40) 

DSO 

0.03 

0.02 

0.01 

FC 

13.46  (10.09) 

5.77  (3.79) 

12.71  (8.64) 

1.66  (1.70) 

0.46  (0.49) 

0.48  (0.45) 

U.Uz  (yj.vz) 

U.UO  (U.UO) 

U.Uj  (U.U3) 

PSO 

0.48  (0.48) 

0.29  (0.29) 

0.48  (0.47) 

DSO 

0.05 

0.03 

0.02 

FC 

4.86  (5.08) 

2.15  (2.18) 

2.63  (2.55) 

6.49  (6.64) 

2.30  (2.34) 

1.19  (1.28) 

CH3F 

SD 

0.40  (0.42) 

0.11  (0.10) 

0.42  (0.45) 

PSO 

1.43  (1.44) 

0.26  (0.26) 

1.38  (1.48) 

DSO 

0.07 

0.05 

0.06 
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Table  5.6.  (Continued)     The  mean  absolute  deviation  of  DZP, 
TZP  and  Chipman  basis  set  results  for  the  FC,  SD,  PSO  and  DSO 
contributions  from  the  corresponding  QZP  basis  set  results^. 


A(QZP-DZP) 


A(QZP-TZP) 


A(QZP-Chipman) 


CH3NH2  SD 


FC 


7.22  (7.07) 
1.49  (1.60) 
0.04  (0.04) 


4.30  (5.07) 
0.38  (0.48) 
0.04  (0.04) 


3.61  (4.49) 
0.40  (0.35) 
0.03  (0.03) 


PSO 


0.38  (0.38) 


0.18  (0.17) 


0.34  (0.33) 


DSO 


0.04 


0.03 


0.02 


^In  the  case  of  FC  contribution  the  mean  absolute  percent  deviation  from  the 
QZP  basis  set  results  are  also  given.  The  corresponding  quadratic  results  are 
given  in  parenthesis. 

the  ^J('-'C^^F)  coupling  of  the  CH3F  molecule.  Another  important  observation 
from  Tables  5.2-5.5,  is  that  the  magnitude  of  the  quadratic  contribution  shows 
a  very  small  variation  among  basis  sets  for  all  three  coupling  contributions. 
As  mentioned  in  Chapter  2,  the  evaluation  of  the  quadratic  contribution  is  an 
additional  non-iterative  (A^  is  the  number  of  basis  functions)  procedure  for 
each  pair  of  perturbations  on  top  of  Cl-like  EOM-CCSD  calculation.  As  a  result, 
the  evaluation  of  the  quadratic  contributions  is  costly  for  large  molecules,  in 
particular  for  the  PSO  and  SD  contributions  since  these  two  contribution  have 
three  and  six  different  perturbations  per  nucleus  respectively.  On  the  other  hand, 
even  though  the  effect  of  the  quadratic  contribution  seems  to  be  insignificant  for 
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the  molecules  considered  in  this  study,  that  effect  is  expected  to  become  more 
important  for  larger  molecules  because  it  corrects  for  the  size-extensitivity  error 
in  the  EOM-CCSD  Cl-like  approximation.  In  this  case  we  can  take  advantage 
of  the  fact  that  the  quadratic  effects  more  or  less  remain  constant  with  different 
basis  sets.  A  reliable  estimate  of  the  quadratic  contribution  can  be  obtained  from 
a  smaller  basis  set  such  as  DZP. 

As  we  can  see  from  the  mean  absolute  deviations  presented  in  Table  5.6,  the 
FC  contribution  shows  the  largest  variation  among  basis  sets  compared  to  the  other 
three  contributions.  The  absolute  DZP  basis  results  for  the  FC  contribution  are 
consistently  lower  than  their  QZP  counterparts  for  all  the  couplings  of  CH3CN 
molecule.  This  trend  pretty  much  remains  true  for  the  rest  of  the  molecules 
considered  in  this  study.  However,  there  are  occasional  exceptions,  for  example 
the  absolute  DZP  results  of  ^JO^C^^F)  of  CH3F  are  about  18  Hz  larger  than  the 
corresponding  QZP  results.  There  is  quite  an  improvement  in  the  FC  contribution 
going  from  the  double  zeta  to  triple  zeta  level  of  accuracy.  Moreover  the  Chipman 
and  TZP  basis  sets,  which  have  approximately  the  same  size,  yield  results  of 
comparable  quality.  Overall,  convergence  of  the  FC  contribution  with  the  basis 
set  looks  fairly  smooth. 

As  regards  the  other  contributions,  the  DSO  contribution  shows  the  least 
variation  among  the  basis  sets  and  in  fact  even  a  smaller  basis  set  such  as 
DZP  provides  a  pretty  good  estimate  of  this  contribution.  As  discussed  earlier. 
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the  evaluation  of  DSO  integrals  is  costly  and  for  larger  molecules  a  reliable 
estimate  of  the  DSO  contribution  can  be  obtained  using  smaller  basis  set,  which 
is  very  useful.  For  all  systems,  except  possibly  CH3F  the  SD  contribution  is 
also  reasonably  well  converged  at  the  DZP  level.  This  is  very  fortunate  as  there 
are  six  perturbations  per  nucleus  for  this  contribution,  and  the  total  number  of 
perturbations  therefore  increases  very  rapidly  with  the  size  of  the  system.  The 
PSO  contributions  show  somewhat  larger  variations,  and  in  particular  the  TZP 
basis  provides  better  comparisons  with  the  QZP  basis  than  the  Chipman  basis. 

Table  5.7  present  Cl-like  and  quadratic  EOM-CCSD  results  of  several  selected 
coupling  constants  from  each  molecule,  calculated  using  DZP,  TZP,  Chipman  and 
QZP  basis  sets.  Experimental  results  are  also  given  in  order  to  assess  how  well 
different  basis  sets  results  compare  with  experiment.  The  coupling  constants  less 
than  5  Hz  are  not  included  since  the  absolute  percent  errors  from  the  experiment 
for  such  couplings  are  not  very  meaningful.  There  is  little  agreement  in  the 
literature  on  the  experimental  coupling  constants  of  B2H6  and  therefore  they  are 
not  included  in  Table  5.7.  A  detailed  discussion  of  B2H6  coupling  constants  is 
given  later.  In  the  case  of  Cl-like  EOM-CCSD  results,  the  mean  absolute  percent 
deviations  from  experiment  are  13.9,  8.4,  7.3  and  7.6  respectively,  for  DZP,  TZP, 
Chipman  and  QZP  basis  sets.  The  corresponding  quadratic  EOM-CCSD  results 
are  13.7,  7.7,  7.5  and  7.9  and  as  we  can  see,  they  are  quite  close  to  the  Cl-like 
results.  This  information  on  the  expected  average  error,  for  a  given  basis  set. 
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may  prove  quite  useful  in  the  application  of  the  EOM-CCSD  method  to  spin-spin 
coupling  constants,  which  are  often  not  known  experimentally.  For  instance,  for 
medium  size  molecules,  it  is  not  always  possible  to  use  basis  sets  as  large  as 
QZP  and  one  has  to  resort  to  smaller  basis  sets  such  as  DZP.  The  percentage 
deviations  from  experiment  reported  here  provide  us  guidence  to  evaluate  the 
quality  of  such  calculations. 

We  conclude  from  our  basis  set  studies  that  the  Chipman  basis  usually  gives  a 
better  value  for  the  FC  contribution  than  the  TZP  basis  set,  or  even  the  QZP  basis 
set,  when  compared  to  experiment.  However  the  PSO  contribution  is  better  evalu- 
ated using  the  TZP  basis  set.  The  DZP  basis  set  seems  sufficiently  accurate  when 
evaluating  the  computationally  expensive  SD  and  the  DSO  contributions  to  the 
spin-spin  coupling  constants,  and  is  still  very  reasonable  for  the  FC  contribution 
and  in  particular  the  PSO  contribution.  However,  for  quantitative  accuracy  it  is 
advisable  that  a  basis  set  of  at  least  triple  zeta  quality  be  used  for  these  latter  two 
contributions  to  spin-spin  coupling  constants.  Since  the  different  contributions  to 
the  overall  spin-spin  coupling  constant  show  different  convergence  behavior  with 
the  size  of  the  basis  set,  but  are  completely  independent,  it  seems  perfectly  legiti- 
mate to  evaluate  these  contributions  from  different  calculations,  and  in  particular, 
different  basis  sets.  This  observation  allows  for  a  significant  savings  when  eval- 
uating the  non-contact  contributions. 


I 
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Now,  we  focus  on  the  effect  of  electron  correlation  effects  on  the  calcula- 
tion of  NMR  spin-spin  coupling  constants  within  the  EOM-CCSD  model.  We 
also  consider  magnitudes  of  non-contact  contributions  and  compare  our  best  re- 
sults with  experiment  and  other  well  established  correlated  methods.  In  Tables 
5.8-5.12,  we  present  results  from  CPHF  and  Cl-like  EOM-CCSD  calculations, 
using  the  QZP  basis  set,  of  FC,  SD  and  PSO  contributions  as  well  as  the  Hartree- 
Fock  and  CCSD  (unrelaxed)  DSO  contributions  to  the  NMR  spin-spin  couplings 
of  B2H6,  CH3F,  CH3CN,  CH3NH2  and  C2H4. 

As  we  can  see  from  Tables  5.8-5.12,  electron  correlation  has  a  large  effect 
on  the  FC  contribution,  but  for  the  SD,  PSO  and  DSO  contributions  electron 
correlation  is  less  important.  When  we  consider  the  correlated  results,  the  FC 
contribution  is  dominant  in  almost  all  the  couplings  of  B2H6,  C2H4  and  CH3NH2. 
The  case  of  'j('Ht^Ht)  coupling  in  B2H6  is  an  exception  and  the  DSO  contribution 
is  dominant.  For  these  three  molecules,  the  SD  contribution  is  negligible  for  all  the 
coupling  constants  and  the  PSO  contribution  is  significant  only  in  certain  coupling 
constants.  For  example,  2j(HtHt),  ^J0^B^%  and  ^3(nM  in  B2H6,  iJCi^N^H), 
2j(iHiH),3j(iH'H)cis,  3j(*HiH)trans  and  3j(iH'H)  in  CH3NH2  and  ^JOH^U)  in 
C2H4.  The  DSO  contribution  is  significant  in  proton-proton  coupling  constants 
in  these  molecules.  The  ^JCh^^F)  and  ^JO^C^^F)  in  CH3F  and  ^JC'^ci^N)  in 
CH3CN  are  special  cases  in  terms  of  having  large  SD  and  PSO  contributions. 
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Table  5.8.  The  NMR  spin-spin  coupling  constants  of  B2H6  (in  Hz)*. 


^J("BiHb) 
2j(iHtiHt) 


■^J('HtHt)trans 

ij(iiBiiB) 
2j(iBiHt) 
2j(iHiiHb) 


^JC'Hb'Hb) 


FC 

SD 

PSO 

DSO 

Total 

CPHF 

53.09 

-0.18 

0.00 

0.66 

53.57 

EOM-CCSD 

42.05 

-0.09 

0.06 

0.67 

42.69  (43.08) 

CPHF 

151.45 

0.17 

-0.44 

0.31 

151.49 

EOM-CCSD 

122.11 

0.24 

-0.51 

0.33 

122.17  (122.86) 

CPHF 

-7.42 

0.14 

2.07 

-1.73 

-6.94 

EOM-CCSD 

-1.44 

0.11 

2.01 

-2.41 

-1.43  (-1.50) 

CPHF 

3.20 

-0.01 

0.35 

-0.52 

3.02 

EOM-CCSD 

3.01 

-0.01 

0.33 

-0.52 

2.81  (2.86) 

CPHF 

13.49 

0.01 

1.43 

-1.80 

13.13 

EOM-CCSD 

11.37 

0.01 

1.38 

-1.79 

10.98  (11.23) 

CPHF 

-1.72 

-0.06 

-2.01 

0.06 

-3.73 

EOM-CCSD 

-3.58 

-0.04 

-2.20 

0.06 

-5.76  (-5.90) 

CPHF 

4.40 

-0.07 

-0.09 

-0.37 

3.87 

EOM-CCSD 

4.94 

-0.05 

-0.13 

-0.37 

4.39  (4.40) 

CPHF 

-12.58 

0.01 

0.92 

-1.03 

-12.68 

EOM-CCSD 

-7.07 

0.01 

0.90 

-1.02 

-7.18  (-7.36) 

CPHF 

14.75 

1.01 

2.05 

-1.39 

16.42 

EOM-CCSD 

12.50 

0.81 

2.02 

-1.70 

13.63  (13.68) 

'At  the  CCSD/TZ2P  geometry  using  QZP  basis  set.  The  total  quadratic  EOM- 
CCSD  results  are  given  in  parenthesis.  Experimental  results  are  unsettled  and 
not  given  here.  A  detailed  discussion  can  be  found  in  the  text. 
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We  also  note  the  unusually  large  electron  correlation  effects  on  FC,  SD  and 
PSO  contributions  to  these  two  particular  coupling  constants.  The  other  coupling 
constants  in  these  two  molecules  show  a  similar  behavior  as  described  above  for 
the  rest  of  the  molecules. 

Some  of  the  couplings  constants  in  B2H6  have  been  measured  experimentally. 
However,  there  are  disagreements  among  different  measurements  of  these  cou- 
pling constants.  For  example,  the^J('^B'Hb)  was  reported  to  be  (in  Hz)  46  ±  2 
[148],  46  ±  2  [149],  43  [150]  48  [151]  44  [152],  45.3-46.3  [153]  and  46.3  [154]. 
Similarly,  the^JC^'BiHt)  was  reported  to  be  (in  Hz)  135  ±  2  [148],  135  +  2  [149], 
125  [150],  137  [151],  128  ±4  [155],  128  [152],  131-137  [153]  and  133.5  [154]. 
Our  best  calculated  values  for  these  two  coupling  constant  are  43  Hz  and  122  Hz 
respectively.  As  we  can  see,  they  are  in  better  agreement  with  Ogg's  1954  values 
of  43  Hz  and  125  Hz.  However,  it  is  important  to  note  that  our  EOM-CCSD 
model  has  an  average  error  of  10%  and  therefore  we  are  not  in  a  position  to 
rule  out  the  other  measurements  for  'j('^B'Hb)  since  they  are  within  the  error 
bars  of  our  calculated  results.  But  in  the  case  of  'j(^^B'Ht)  we  can  confidently 
rule  out  measurements  larger  than  about  134  Hz.  The  HRPA  results  reported  by 
Galasso  et  al.  [133  ]  are  the  only  previously  available  correlated  B2H6  coupling 
constants.  In  the  case  of  B2H6  coupling  constants,  the  reported  HRPA  results  are 
quite  close  to  the  EOM-CCSD  results  reported  in  this  study.  For  example,  the 
HRPA  results  (in  Hz)  121.31,  13.98,  8.74,  1.73,  43.19,  and  -7.86  of  'J('iB'Ht), 
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2j(HbHb),  2j(HtHt)trans,  ^J(HtHt)cis,  ^K'^B^Hb)  and  2j(HtHb)  respectively,  com- 
pared to  the  respective  EOM-CCSD  results  122.17,  13.63,  10.98,  2.81,  42.69,  and 
-7.81.  However,  as  we  will  see  later,  for  difficult  cases  like  ^iCH^^F),^J0^C^''O) 
and  ^J(''*N'^N)  in  HF,  CO  and  N2  respectively,  correlation  effects  beyond  HRPA 
become  essential.  As  we  can  see  from  Table  5.8,  both  ^J(*'B*Ht)  and^J(^'B'Ht) 
are  reproduced  fairly  well  by  the  EOM-CCSD  method.  Contrary  to  Farrar  and 
Quinting  [154],  who  state  that  'J('^B*'B)  on  the  one  hand,  and  3j(^Ht^Ht)  (cis 
and  trans)  on  the  other,  should  have  the  same  sign,  we  report  opposite  absolute 
signs  for  these  coupling  constants. 

It  is  seen  from  the  collected  results  in  Tables  5.9-5.11,  that  our  EOM- 
CCSD  results  are  in  good  agreement  with  experimentally  measured  NMR  spin- 
spin  coupling  constants  of  CH3F,  CH3CN,  and  CH3NH2.  For  example,  the 
calculated  results  for  the  Ij(i3ci9p)^  ^iC^C^R)  andij(i^FiH)  coupling  constants 
in  CH3F  show  8%,  8%  and  6%  absolute  percentage  deviations  from  experimental 
results  respectively.  Upon  careful  inspection  of  the  CH3NH2  coupling  reported 
in  Table  5.11,  one  can  notice  that  we  report  two  different  values  for  ^JC^^C^H) 
and  similarly,  three  different  values  for  'JC'H'H).  This  is  due  to  the  fact  that  in 
Cs  symmetry  (see  Table  5.1)  we  have  two  different  kind  of  methyl  hydrogens. 
However,  at  room  temperature,  due  to  rapid  rotation  around  the  carbon-nitrogen 
bond,  experimently  measured  coupling  constants  correspond  to  an  average  of 
all  possible  conformers  and  as  a  result  all  three  methyl  hydrogens  appear  to  be 
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identical.  Therefore  comparison  of  calculated  results  with  experiment  must  be 
done  with  caution  for  the  coupling  constants  in  question. 

In  the  case  of  CH3CN,  the  absolute  signs  of  the  coupling  constants  are  not 
unambiguously  determined  from  the  experiment.  The  calculated  'J(*^C'^N), 
iJC^^C'H),  2j(13c15n),  2j(13c1h)  ^nd  3j(15n1h)  coupling  constants  show  3%, 
7%,  0.3%,  0%  and  31%  absolute  percent  deviations  from  the  experiment.  As 
shown  in  Table  5.10,  the  EOM-CCSD  results  also  predicts  the  absolute  signs  of 
these  coupling  constants.  There  are  no  other  correlated  studies  on  the  spin-spin 
couplings  of  CH3F,  CH3CN  and  CH3CN  in  the  literature  and  the  present  results 
are  the  best  calculated  results,  reported  so  far,  for  the  spin-spin  couplings  of  these 
molecules. 

The  coupling  constants  of  C2H4  require  special  attention.  As  shown  in  Ta- 
ble 5.12,  with  the  QZP  basis  set  which  has  already  been  shown  to  work  very 
well  in  predicting  NMR  spin-spin  coupling  constants  of  several  other  molecules, 
the  EOM-CCSD  quadratic  results  for  the  ^J(^H'H)  coupling  has  the  wrong  sign. 
The  EOM-CCSD  Cl-like  approximation  results  has  the  correct  sign  but  shows 
97%  absolute  deviation  from  experiment.  We  also  note  that  the  PSO  and  DSO 
contributions  are  dominant  for  this  coupling  constant.  But,  they  have  similar 
magnitudes  with  opposite  signs  and  effectively  cancel  each  other,  leaving  the  PC 
and  SD  contributions  as  determining  contributions  of  the  overall  sign  and  the 
magnitude  of  this  coupling.  Let  us  also  mention  that  the  DZP,  TZP,  and  Chip- 
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man  basis  sets  gives  negative  FC  contributions  and  negative  overall  sign  for  the 
^J('H'H)  contrary  to  experiment.  To  further  investigate  the  behavior  of  EOM- 
CCSD  method  with  respect  to  this  coupling,  we  use  the  [15s,7p,4d]/(10s,5p,4d) 
and  [9s,2p]/(6s,2p)  carbon  and  hydrogen  basis  sets  which  are  specifically  opti- 
mized to  calculate  the  FC  contact  contributions  [125]  accurately.  As  we  can  see, 
with  this  basis  set  both  EOM-CCSD  models  now  have  the  correct  sign  and  the 
absolute  percent  error  from  the  experiment  of  the  EOM-CCSD  Cl-like  approxi- 
mation has  now  dropped  to  78%.  The  HRPA  results  reported  by  Galasso  [121]  are 
the  only  other  correlated  results  available  in  the  literature.  The  reported  HRPA 
results  for  ij(i3ciH),2j(i3ciH),2j(iHiH),3j(iHiH)cis  and^JCiH'HWs  coupHng 
constants  are  142.87,  -5.07,  -4.04,  9.10  and  14.27  Hz,  respectively.  These  can 
be  compared  with  the  EOM-CCSD  results  presented  in  Table  5.12.  However,  these 
comparisons  must  be  done  with  caution  since  HRPA  results  were  obtained  using  a 
different  geometry  and  relatively  smaller  basis  set.  We  note  a  significantly  better 
agreement  of  EOM-CCSD  results  with  experiment,  compared  to  HRPA.  This  is 
not  surprising,  since  C2H4  is  triplet  unstable  and  consequently,  CPHF  will  fail, 
requiring  that  a  higher  level  of  correlation  be  added  than  in  HRPA. 

5.3  Direct  Comparison  of  the  EOM-CCSD  Method 
with  Other  Theoretical  Methods  and  Experiment 

In  this  section,  a  direct  comparison  of  the  EOM-CCSD  method  with  other 
widely  used  correlated  methods,  in  particular  the  polarization  propagator  methods 
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is  presented.  Such  a  direct  comparison,  in  fact  requires  EOM-CCSD  results  for 
a  set  of  molecules  at  identical  geometries,  using  the  same  basis  set  sets  as  used 
in  the  prior  calculations.  Since  we  are  mainly  interested  in  comparison  with  the 
polarization  propagator  results,  a  set  of  molecules  were  choosen  for  which  well 
defined  (known  geometries  and  basis  sets)  propagator  results  are  available  in  the 
literature.  This  includes  molecules,  such  as  H2,  HF,  CO,  N2,  H2O  and  CH4.  Some 
of  the  molecules  in  this  selection  have  recently  been  studied  by  multi-configuration 
linear  response  theory  (MCLRT)  under  identical  condition  and  these  results  are 
also  reported  for  comparison. 

Calculated  EOM-CCSD  indirect  nuclear  spin-spin  coupling  constants  of  these 
molecules  are  presented  in  Tables  5.14-5.18  along  with  the  polarization  propa- 
gator and  experimental  results.  Whenever  they  are  available  the  MCLRT  results 
are  also  given. 

Prior  to  a  quantitative  comparison  of  results  obtained  from  different  methods, 
we  focus  on  the  effects  of  the  electron  correlation  and  non-contact  contributions. 
In  this  selection  of  molecules,  as  reported  in  Tables  5.13-5.17,  non-contact  con- 
tributions are  significant  for  HF,  CO,  N2  and  H2O.  Indeed,  the  PSO  contribution 
is  the  largest  in  the  case  of  ^JCI'^N'^n)  and  ^ JC'^C^'^O)  in  N2  and  CO  respectively. 
Also  note  the  large  SD  contributions  in  CO  and  N2  coupling  constants.  The  DSO 
contribution  is  negligible  for  all  the  coupling  constants  considered  in  this  selection 
of  molecules  with  the  exception  of  2J(^H'H)  in  H2O  and  CH4. 
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Table  5.13.  Nuclear  spin-spin  coupling  constant  of  HD,  ^J('H^H),  in  Hz^. 


Method 

PC 

SD 

PSO 

DSO 

Total 

CPHF'' 

53.11 

0.57 

0.83 

-0.33 

54.18 

HRPA'^ 

42.62 

0.52 

0.82 

-0.33 

43.63 

MCLRT'* 

40.24 

0.48 

0.81 

-0.31 

41.22 

SOPPA'' 

42.60 

0.51 

0.83 

-0.33 

43.61 

CCSDPPA^ 

39.93 

0.49 

0.82 

-0.33 

40.91 

EOM-CCSD  (CMike)*' 

39.11 

0.48 

0.81 

-0.31 

40.09 

EOM-CCSD  (Quadratic)'' 

39.11 

0.48 

0.81 

-0.31 

40.09 

Experiment^ 

42.94±0.04 

^At  the  equilibrium  intemuclear  separation 

r  = 

1.40  a.u. 

[156], 

using  and 

[14s,6p,2d]  uncontracted  basis  set  [124]. 
''The  present  work, 
''v.  J.  Galasso,  [121] 
'^Vahtras  et  al.,  [134]. 
^Oddershede  et  al.,  [124] 
^J.  R.  Beckett,  [157]. 

For  the  entire  collection  of  molecules  the  PC  contribution  shows  the  largest 
variation  with  the  inclusion  of  electron  correlation  effects  using  various  levels 
of  theory.  The  electron  correlation  effects  are  significant  for  SD  and  PSO 
contributions  of  HP,  CO  and  N2  couplings  and  less  important  for  CH4  and  H2O 
couplings. 
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Table  5.14.  Nuclear  spin-spin  coupling  constant  of  H^^F,  'j(H^^F),  in  Hz*. 


Method 

FC 

SD 

PSO 

DSO 

Total 

CPHF 

467.5 

-12.4 

119.4 

-0.1 

654.1 

HRPA  " 

419.9 

-6.4 

164.9 

*** 

578.4 

MBPT(2)'' 

390.7 

-17.5 

195.1 

1.7 

570.0 

SOPPA'^ 

338.3 

-1.0 

195.7 

*** 

532.9 

CCSDPPA'^ 

329.4 

-0.6 

195.7 

*** 

524.4 

EOM-CCSD  (Cl-like)'' 

338.3 

-1.0 

189.1 

0.0 

526.4 

EOM-CCSD  (Quadratic)^ 

337.0 

-1.0 

189.5 

0.0 

525.5 

Experiment^ 

529±23 

*At  the  equilibrium  intemuclear  separation  r  =  1.7328  a.u.[156],  using 
[8s,3p,ld]/(6s,3p,ld)  and  [13s,8p,4d]/(9s,6p,4d)  basis  sets  for  hydrogen  and 
Fluorine  respectively  [125]. 

''The  present  work. 

'^Geertsen  et  al.,  [125]. 

''Finite  field  second-order  perturbation  theory  (MBPT(2))  results.  A 
[7s,4p,2d]/(5s2p)  basis  set  has  been  used  to  calculate  the  FC  contact  con- 
tribution. The  SD  results  were  obtained  by  using  the  6-3 IG*  basis  set,  and 
the  PSO  and  DSO  results  were  obtained  by  using  the  6-3 IG**  basis  set. 
Fukui  et  al.  [117]. 

^Muenter  et  al.,  [158]. 


There  is  no  significant  change  in  the  DSO  contribution  with  correlation  effects. 
It  is  seen  from  the  collection  of  Tables  5.13-5.18,  for  a  given  basis  set  the  FC, 
SD  and  PSO  contributions  are  more  or  less  converged  with  respect  to  correlation 
effects  for  methods  which  go  beyond  second-order. 
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Table  5.15.  Nuclear  spin-spin  coupling  constant  of  CO,  ^J('-'C^^O),  in  Hz*. 


Metnoa 

oJJ 

JJoU 

total 

CPHF'' 

-8.1 

-9.3 

12.3 

0.1 

-5.1 

HRPA'= 

1.5 

-2.9 

11.9 

*** 

10.6 

SOPPA*= 

7.3 

-4.0 

14.8 

*** 

18.1 

MCLRT* 

6.7 

-4.3 

13.7 

0.09 

16.1 

EOM-CCSD  (Cl-like)'' 

7.0 

-4.5 

13.0 

0.1 

15.6 

EOM-CCSD  (Quadratic)'' 

6.9 

-4.8 

13.0 

0.1 

15.2 

Experiment^ 

16.4±0.1 

*At  the  equilibrium  internuclear  separation  r  =  2.132  a.u.     [156],  using 

[12s,7p,3d]/(8s,4p,3d)  basis  set  [123]. 
''The  present  work. 
'=Geertsen  et  al,  [123]. 
'^Vahtras  et  al,  [134]. 
^WasyHshen  et  al,  [159]. 

Consistent  with  the  previous  observations  using  several  other  molecules, 
the  quadratic  effects  are  small  for  this  selection  of  molecules  as  well  and  we 
only  consider  the  Cl-like  approximation  results  to  compare  with  the  experiment. 
However,  there  are  occasional  exceptions,  for  example  ^J(^^C^'''0)  in  CO  and 
1J(^3c19f)  in  CH3F  (Table  5.9).  As  we  can  see  the  absolute  CPHF  results  tend 
to  overestimate  the  corresponding  experimental  coupling  constants. 
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Table  5.16.  Nuclear  spin-spin  coupling  constant  of  N2,  'J(^'^N^^N),  in  Hz^. 


Method 

FC 

SD 

PSO 

DSO 

Total 

CPHF^ 

-7.7 

-8.1 

0.5 

0.03 

-15.3 

HRPA*= 

-0.6 

-1.4 

2.5 

*** 

0.5 

SOPPA«= 

0.5 

-1.6 

3.3 

*** 

2.2 

MCLRT* 

-0.2 

-1.9 

2.8 

0.07 

0.8 

EOM-CCSD  (Cl-like)^ 

0.3 

-1.7 

2.7 

0.02 

1.3 

EOM-CCSD  (Cl-like)^ 

0.3 

-1.8 

2.7 

0.02 

1.2 

Experiment^ 

1.8±0.1 

^At  the  equihbrium  intemuclear  separation  r  =  2.068  a.u.     [156],  using 

[12s,7p,3d]/(8s,4p,3d)  basis  set  [123]. 
''The  present  work. 
'^Geertsen  et  al,  [123]. 
'^Vahtras  et  al,  [134]. 
^Friedrich  et  al,  [160]. 

At  this  point  it  is  interesting  to  compare  the  HRPA  results  of  B2H6  (Table 
5.10),  HF  and  CO  with  respective  experimental  results.  In  contrast  to  the  HRPA 
results  of  HF  and  CO  in  the  case  of  B2H6  the  HRPA  results  are  in  quantitative 
agreement  with  experiment.  Inclusion  of  electron  correlation  effects  by  HRPA 
or  MBPT(2)  improves  the  CPHF  results  but  for  difficult  cases  like  HF  and 
CO,  methods  which  go  beyond  HRPA  or  MBPT(2)  are  required  for  quantitative 
accuracy. 
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Table  5.17.  Nuclear  spin-spin  coupling  constant  of  H2O,  'J('''0'H)  and  'j(^H^H), 
in  Hz^ 


FC 

PSO 

Total 

CPHF'' 

-84.81 

0.39 

-12.25 

-0.07 

-96.74 

MBPT(2)'= 

-64.61 

0.52 

-10.51 

-0.17 

-76.53 

SOPPA'^ 

^J(OH) 

EOM-CCSD  (Cl-like)^ 

-65.24 
-65.34 

-0.07 
-0.18 

-11.15 
-11.26 

-0.07 
-0.08 

-76.53 
-76.88 

EOM-CCSD  (quadratic)'' 

-65.40 

-0.18 

-11.28 

-0.08 

-76.94 

Experiment^ 

-73.5 

CPHF" 

-24.99 

1.46 

8.12 

-7.17 

-22.58 

MBPT(2)'= 

-19.69 

1.41 

7.09 

-7.09 

-18.28 

SOPPA** 

ij(HH) 

EOM-CCSD  (Cl-like)'' 

-13.53 
-12.72 

1.05 
1.07 

7.85 
8.05 

-7.17 
-7.02 

-11.80 
-10.61 

EOM-CCSD  (Quadratic)'' 

-12.96 

1.07 

8.06 

-7.02 

-10.85 

Experiment^ 

-7.2 

^At  the  geometry  r(O-H)  =  1.811095  a.u.  and  HOH  =  104.45°  [122],  using 
[5s,lp]/(3s,lp)  and  [1  ls,5p,ld]/(4s,3p,ld)  basis  sets  for  hydrogen  and  oxygen 
respectively  [122]. 

''The  present  work. 

'^The  FC  results  were  obtained  by  the  6-31 IG**  basis  set.  The  SD  results  were 
obtained  by  using  the  6-3 IG  basis  set  and  the  PSO  and  DSO  results  were 
obtained  by  using  the  6-3 IG**  basis  set.  Reference  117. 

'^Geertsen  et  al,  [122]. 

^Holems  et  al,  [161]  and  Florin  et  al,  [162]. 


I 


150 

Table  5.18.  Nuclear  spin-spin  coupling  constant  of  CH4,  JC'H'^q  and  ^SCu^H), 
in  Hz^ 


PC 

SD 

PSO 

DSO 

Total 

Crrlr 

1  ..JO 

1  QQ 

SOPPA^ 

126.62 

-0.02 

1.48 

0.25 

128.32 

CCSDPPA*= 

122.12 

-0.01 

1.50 

0.25 

123.87 

ij(CH)  MCLRT'' 

123.53 

0.02 

1.48 

0.27 

125.30 

EOM-CCSD  (Cl-like)^ 

119.39 

0.04 

1.47 

-0.08 

120.82 

EOM-CCSD  (quadratic)'' 

120.05 

0.04 

1.47 

-0.08 

121.48 

Experiment® 

120. 

78±0.05 

CPHF'' 

-27.63 

0.43 

3.63 

-3.54 

-21. n 

SOPPA'^ 

-16.04 

0.34 

3.62 

-3.54 

-15.67 

CCSDPPA'^ 

-14.70 

0.33 

3.60 

-3.54 

-14.31 

2j(HH)  MCLRT'* 

-15.73 

0.35 

3.59 

-3.51 

-15.30 

EOM-CCSD  (Cl-like)'' 

-13.95 

0.33 

3.56 

-3.50 

-13.56 

EOM-CCSD  (Quadratic)'' 

-14.23 

0.33 

3.57 

-3.50 

-13.83 

Experiment® 

12.56410.004 

^At  the  experimental  equilibrium  geometry  r(C-H)  =  2.051864  a.u.  [163],  using 
[15s,7p,4d]/(10s,5p,4d)  and  [9s,2p]/(6s,2p)  basis  sets  for  carbon  and  hydrogen 
respectively  [125]. 

''The  present  work. 

^Geertsen  et  al,  [125]. 

'^Vahtras  et  al,  [134] 

®  Bennett  et  al,  [164]  and  Anet  et  al,  [165]. 
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It  can  be  seen  from  Tables  5.13,  5.14  and  5.18  that  the  CCSDPPA  results  are 
quite  close  to  the  EOM-CCSD  results  and  the  largest  variation  in  ^  J('^C*H)  of  CH4 
is  about  3  Hz.  In  some  cases  the  total  EOM-CCSD  and  CCSDPPA  results  are  close 
but  the  individual  contributions  shows  larger  differences,  for  example  the  FC  and 
PSO  contribution  to  IJ('H'^F)  of  HP.  In  Table  5.19,  we  have  given  the  absolute 
percent  deviation  of  EOM-CCSD  Cl-like,  CCSDPPA,  MCLRT  and  SOPPA  results 
from  experiment.  The  average  percent  deviations  are  also  given  and  the  coupling 
constants  less  than  10  Hz  are  neglected  in  the  averaging.  Within  the  limited  results 
available  for  direct  comparison,  the  EOM-CCSD  results  on  the  average  show 
better  agreement  with  experiment  when  compared  with  CCSDPPA  and  MCLRT 
and  SOPPA  results.  The  CCSDPPA  and  MCLRT  results  have  average  percent 
errors  of  5%  and  8%  respectively  and  are  competitive  with  the  EOM-CCSD 
results  which  has  average  percent  error  of  4%.  However,  these  assertions  are 
based  on  a  very  limited  set  of  data  and  must  be  used  with  caution. 

Table  5.20  shows  a  direct  comparison  of  the  EOM-CCSD  results  with  experi- 
ment. Mean  absolute  and  absolute  per  cent  errors  are  presented  as  measures  of  the 
accuracy  of  the  EOM-CCSD  results  compared  to  experiment.  For  this  purpose 
a  selection  of  coupling  constants  for  which  unambiguous  experimental  results 
are  available  was  chosen.  Some  of  the  experimental  results  are  gas  phase  mea- 
surements and  the  others  are  measurements  taken  from  a  neat  sample  or  sample 
dissolved  in  inert  organic  solvents. 
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Table  5.19.  Absolute  percent  deviation  of  the  EOM-CCSD,  CCSDPPA,  MCLRT 
and  SOPPA  results  from  experiment. 


Coupling 

EOM-CCSD 

CCSDPPA 

MCLRT 

SOPPA 

1  T/1  TtIt  T\ 

'J(^H'H) 

0.0 

4.7 

4.0 

1.6 

0.5 

0.9 

0.7 

1  T/17>-%l'</-^\ 

'J(^'0'''C) 

4.9 

1.8 

10.3 

27.8 

*** 

55.6 

22.2 

ij('H'^O) 

4.6 

*** 

*** 

4.1 

2j(iHiH) 

47.4 

*** 

*** 

63.9 

0.0 

2.6 

3.7 

6.2 

7.9 

13.9 

21.8 

24.7 

Average^ 

4.1 

5.5 

7.8 

7.9 

^  Coupling  constants  less  than  10  Hz  are  discarded  in  the  averaging. 

The  QZP  basis  set  results  are  selected  for  CH3F,  CH3CN,  C2H4  and  CH3NH2 
molecules.  The  basis  sets  used  in  HD,  HF,  CO,  N2,  H2O  and  CH4  calculations 
have  been  optimized  previously  and  we  can  assume  that  the  EOM-CCSD  results 
obtained  from  them  are  converged  with  respect  to  basis  sets.  In  the  mean  absolute 
percent  deviation,  the  spin-spin  coupling  constants  less  than  5  Hz  are  not  included 
since  for  such  small  coupling  constants  the  percent  averages  are  meaningless. 
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5.4  Conclusions 


The  main  purpose  of  the  present  investigation  is  to  calibrate  some  routinely 
used  basis  sets  when  applied  to  NMR  spin-spin  coupling  constant  calculations 
within  the  EOM-CCSD  model.  We  also  focus  on  the  effects  of  the  quadratic 
contribution,  and  large  non-contact  contributions  to  certain  coupling  constants. 
Ultimately,  the  overall  accuracy  of  the  EOM-CCSD  results  in  comparison  to 
experiment  and  other  well  estabished  correlated  metods  is  considered. 

]  In  this  respect,  we  report  that  the  mean  absolute  percent  deviations  from 
experiment  are  13.9,  8.4,  7.3  and  7.6  respectively,  for  DZP,  TZP,  Chipman  and 
QZP  basis  sets.  The  corresponding  quadratic  EOM-CCSD  deviations  are  13.7, 
7.7,  7.5  and  7.9  which  shows  that  the  quadratic  results  are  usually  very  close 
to  the  Cl-like  results.  We  also  notice  that  for  the  systems  considered  in  this 
study,  the  magnitude  of  the  quadratic  contribution  is  quite  stable  as  the  basis  set 
changes  from  DZP  to  larger  and  better  quality  basis  sets.  This  is  very  useful 
information  since  for  molecules  where  the  quadratic  contribution  is  significant, 
a  reliable  estimate  may  be  obtained  economically  by  using  a  smaller  basis  set 
such  as  DZP. 

I  The  PC  contribution  shows  the  largest  variation  with  the  change  of  basis  sets, 
well-recognized  trend  in  the  literature.  However,  the  overall  convergence  of  the 
PC  contribution  as  the  basis  set  improves  looks  fairly  smooth. 
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Table  5.20.  Comparison  of  EOM-CCSD  indirect  nuclear 
spin-spin  coupling  constants  with  experiment,  (in  Hz)^. 


EOM-  Abs.  % 

Molecule    Coupling  Exp.        Abs.  Error 


CCSD 

Error 

H2 

1J(1h2H) 

40.09 

42.94±0.04 

2.85 

7 

HP 

1J(19f1H) 

526.4 

529±23 

2.6 

1 

CO 

Ij(i3ci70) 

15.6 

16.4±0.1 

0.8 

5 

N2 

1.3 

1.810.6 

0.5 

28 

112  w 

2J(1h1H) 

-76.88 
-10.61 

-73.5 
-7.2 

3.38 
3.41 

5 

47 

2J(1h^H) 

120.82 
-13.56 

120.78 
±12.56410.004 

0.04 
1.00 

0 
8 

146.83 

156.4 

9.57 

6 

^J(^H*H)trans 
■^J('H'H)cis 

15.71 
10.20 

19.1 
11.6 

3.39 
1.40 

18 
14 

2j(iHiH) 

0.65 

2.5 

1.85 

74 

'JC^^C'^N) 

-16.99 

±17.510.4 

0.51 

3 

ij('3c'H) 

126.20 

±136.0±0.2 

9.8 

7 

CH3CN 

2J(13c'5N) 

3.01 

13.010.4 

0.01 

0 

2J(13c1H) 

10.00 

110.010.2 

0.00 

0 

-1.23 

11.8010.1 

0.59 

32 

CH3F 

1J(13c19f) 
2J('h19F) 

-169.56 
46.8 

-157.510.2 
46.36±0.1 

12.56 
0.44 

8 
1 

'JC'^C^H) 

137.15 

149.1±0.2 

11.95 

8 

CH3NH2 

ij(*3ciH) 

-61.33 
120.62 

-65.010.2 
132.210.2 

3.67 
11.58 

6 
9 

2J(15n1H) 

0.93 

-1.010.1 

0.07 

7 
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Chipman's  basis  set  is  especially  designed  to  evaluate  point  properties  at 
the  nucleus,  like  the  Fermi  contact  term,  and  it  is  seen  that,  indeed,  our  Chipman 
results  compare  best  to  experiment.  Except  for  very  few  cases,  the  FC  contribution 
is  the  largest  in  all  the  couplings  in  the  selected  set  of  molecules  and  is  most 
sensitive  to  electron  correlation.  The  other  contributions  are  affected  only  slightly 
by  electron  correlation.  We  also  found  that  the  DSO  term,  and,  to  a  slightly 
smaller  extent,  the  SD  contribution,  show  very  little  variation  with  the  size  of 
the  basis  set.  The  DZP  basis  set  seems  to  do  the  job.  This  is  very  fortunate, 
because  the  integrals  for  the  DSO  contribution  are  very  costly  to  evaluate,  while 
on  the  other  hand  there  are  six  perturbations  per  nucleus  for  the  SD  term  and  this 
term  is  costly  for  this  reason.  The  PSO  contributions  shows  moderate  variations 
with  the  basis  set.  We  note  that  a  TZP  basis  set  is  more  suitable  for  the  PSO 
contribution  than  the  Chipman  basis  set.  Let  us  mention  here,  that,  in  general, 
solving  for  the  perturbed  amplitudes  is  the  rate  determining  step  in  the  calculation 
of  spin-spin  coupling  constants,  and  therefore  it  is  advantageous  to  tailor  the  basis 
set  to  the  particular  property  of  interest,  since  the  evaluation  and  transformation  of 
integrals  as  well  as  the  ground  state  CCSD  calculation  are  only  minor  steps  in  the 
calculation.  In  our  opinion  there  are  no  objections  to  using  different  basis  sets  for 
different  contributions  to  the  overall  spin-spin  coupling  constants,  since  each  of 
the  components  converges  smoothly. 
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There  are  no  well  established  criteria  to  identify  coupling  constants  having 
large  non-contact  contributions  beforehand.  We  have  observed  several  qualitative 
trends,  some  of  which  are  well  known  in  the  literature.  The  hydrogen-hydrogen 
spin-spin  coupling  constants  have  consistently  large  DSO  contributions.  A  simple 
explanation  for  this  behavior  can  be  given  based  on  the  form  of  the  DSO  operator 
derived  in  chapter  1.  The  DSO  contribution  is  proportional  to  the  product  of 
two  gyromagnetic  ratios  of  the  coupled  nuclei.  Lighter  atoms  such  as  H  have 
large  gyromagnetic  ratios  and,  as  a  consequence  of  that,  also  have  larger  DSO 
contributions.  Coupling  constants  which  involve  multiply  bonded  atoms  usually 
have  large  non-contact  contributions.  Fluorine  is  a  special  case  and  one-bond 
coupling  constants  of  Fluorine  to  other  atoms  often  seem  to  have  large  non- 
contact  contributions,  in  particular  large  PSO  contributions.  The  FC  contribution 
is  usually  the  largest  contribution  to  the  carbon-hydrogen  coupling  constants  in 
organic  molecules  and  the  other  contributions  are  less  important.  This  behavior 
is  well-known  in  the  literature  and  extremely  useful  in  the  practical  applications 
of  high-level  correlated  methods  such  as  EOM-CCSD  since  the  FC  is  the  least 
expensive  term  to  evaluate.  However,  these  qualitative  assertions  must  always 
be  used  with  extreme  caution  and  further  research  is  required  to  identify  the 
mechanisms  governing  the  coupling  interactions. 

The  1J(13c19f)  and  'K^'C^'m  'JCh'^F),  'jC^C'^O)  and  'jO'^N'^N)  cou- 
pling constants  of  CH3F  and  CH3CN,  HF,  CO,  and  N2  molecules  have  been 
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identified  before  as  difficult  cases  in  the  literature  [105].  The  EOM-CCSD  results 
for  the  respective  coupling  constants,  -169.56,  -16.99,  525.5,  15.2  and  1.2  are 
in  remarkable  agreement  with  the  experimental  results,  —157.5+0.2,  ±17.5±0.4, 
529+23,  16.4±0.1  and  1.8±0.1  respectively.  These  coupling  constants  are  special 
cases  in  terms  of  having  large  non-contact  contributions. 

In  conclusion,  we  consider  the  overall  quality  of  the  EOM-CCSD  results 
compared  to  experiment;  refer  to  Table  5.20.  The  mean  absolute  and  mean 
absolute  percent  error  of  the  EOM-CCSD  results  compared  to  experiment  are 
3.5  Hz  and  7%  respectively.  The  maximum  absolute  error  of  the  EOM-CCSD 
results  is  about  12  Hz.  The  mean  absolute  percent  error  exaggerates  the  error 
in  small  coupling  constants  and  is  not  a  suitable  measure  of  the  quality  of  the 
EOM-CCSD  results  for  such  coupling  constants.  It  seems  that  the  mean  absolute 
error  gives  a  better  representation  of  the  accuracy  of  the  EOM-CCSD  results  for 
small  coupling  constants. 
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CHAPTER  6 
NMR  SPECTRA  OF  ALKYL  CARBOCATIONS 

6.1  Introduction 

Carbocations  are  the  positive  ions  of  carbon  compounds.  They  are  intermedi- 
ates of  organic  reactions  that  start  from  non-ionic  reactants  and  lead  to  nonionic 
products.  The  existence  and  role  of  carbocations  in  organic  chemistry  is  now 
firmly  estabhshed  and  well  reviewed  [166-168]. 

Carbocations  can  be  "classical",  having  a  trivalent  sp^  hybridized  electron 
deficient  carbon  atom,  or  "non-classical",  having  pentacoordinated  (or  higher 
coordinated)  carbon  atoms.  In  condensed  media,  carbocations  can  exist  as 
an  equilibrium  mixture  of  rapidly  interconverting  classical  and  non-classical 
forms.  Kinetic  and  stereochemical  evidence  predominated  in  the  early  studies  of 
carbocations.  In  the  absence  of  direct  evidence  to  support  one  form  or  the  other, 
the  stable  form  of  the  carbocations  in  condensed  media  often  led  to  controversies 
[169,  170],  for  example,  that  concerning  the  structure  of  2-norbomyl  cation. 

Direct  observation  of  stable  long-lived  carbocations  such  as  alkyl  carbocations 
in  solution  remained  as  an  elusive  goal  until  1962,  when  Olah  [171]  reported 
the  first  direct  observation  of  carbocations  in  highly  non-nucleophilic  media, 
commonly  known  as  "superacids".  Olah's  "superacids"  scheme  provides  a  means 
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of  isolating  carbocations  in  condensed  media  at  low  temperatures  as  long-lived 
species  and  this  facilitated  the  study  of  their  structure  and  chemistry  directly 
by  physical  and  chemical  methods.  Various  spectroscopic  methods,  such  as 
and  ^^C  NMR,  Raman,  IR  and  X-ray  photoelectron  spectroscopy  [172]  have  been 
used  in  the  study  of  carbocations  while  NMR  spectroscopy  provide  the  most  direct 
evidence  for  the  existence  of  carbocations  and,  information  about  their  structures. 
For  example,  Olah  et  al.  [172]  concluded  from  'H  and  ^^C  NMR,  Raman  and 
X-ray  photoelectron  spectroscopic  studies  that  the  actual  structure  of  2-norbomyl 
cation  is  indeed  non-classical. 

However,  application  of  NMR  spectroscopy  to  resolve  such  controversies  is 
not  always  problem  free-either.  Since  NMR  spectroscopy  is  a  relatively  slow 
physical  method  with  a  limited  time  scale,  the  differentiation  of  the  non-classical 
form  from  a  rapidly  equilibrating  mixture  of  classical  forms  based  on  NMR 
spectroscopy  alone  is  a  difficult  task.  As  Olah  pointed  out  in  his  Noble  lecture 
[168],  in  such  instances  accurate  theoretically  calculated  NMR  chemical  shifts 
and  spin-spin  coupling  constants  become  invaluable. 

In  this  chapter,  we  illustrate  the  application  of  the  EOM-CCSD  method  to 
the  calculation  of  NMR  spin-spin  coupling  constants  of  alkyl  carbocations.  In 
this  regard  we  have  chosen  two  representative  alkyl  carbocations;  ethyl  cation 
and  2-norbomyl  cation. 
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Even  though  our  focus  is  on  NMR  spin-spin  coupUng  constants,  for  completeness, 
we  also  consider  NMR  chemical  shifts,  energetics,  and  vibrational  spectra  of  the 
two  selected  cations. 

6.2  The  Ethyl  Carbocation  (C2H5+) 

The  ethyl  carbocation  (C2  H5*)  is  the  prototypical  primary  alkyl  carbocation. 
It  is  not  stable  enough  to  be  observed  directly  in  superacid  media  [173-176]. 
The  ground  state  of  the  ethyl  cation  may  take  the  non-classical  form  (Fig. 
5.1,  (I))  or  the  classical  form  (Fig.  5.1,  (11)).  Experimental  results,  alone, 
cannot  support  the  existence  of  either  of  the  two  forms  since  the  CD3CH2F-SbF5 
complex  undergoes  rapid  intramolecular  hydrogen  (as  well  as  carbon  and  fluorine) 
scrambling.  However,  the  lower  adiabatic  than  vertical  ionization  energy  of  the 
ethyl  radical  indicates  the  bridged  form  to  be  ~5-9.5  kcal/mol  lower  in  energy 
in  the  gas  phase  [177,  178].  Numerous  theoretical  investigations  at  increasingly 
more  sophisticated  ab  initio  levels  [178-180]  predict  the  bridged  isomer  to  be 
~6-8  kcal/mol  more  stable  than  the  "classical  form".  The  latter  serves  as  the 
transition  structure  (one  imaginary  frequency  at  correlated  levels  of  theory)  for 
hydrogen  scrambling  [178,  177,  179,  180]. 

Here,  we  employ  the  equation-of-motion  coupled  cluster  singles  and  doubles 
(EOM-CCSD)  method  to  present  an  initial  prediction  of  the  NMR  spin-spin 
coupling  constants  for  I  and  H.  For  the  completeness,  we  also  present  GIAO- 
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MBPT(2)  (gauge  including  atomic  orbitals,  second-order  many  body  perturbation 
theory)  NMR  chemical  shifts  and  vibrational  frequencies  for  both  forms.  This 
calculation  fills  a  void  in  the  data  for  hydrogen  bridged  carbocations  of  the 
protonated  ethylene  type,  and  should  assist  experimental  characterization  of  such 
species.  For  example,  while  the  IR  spectrum  of  the  H-bridged-2-butyl  cation  has 
been  observed  in  a  low  temperature  SbFs  matrix  [181],  rapid  hydrogen  scrambling 
precludes  resolution  of  the  NMR  spectra. 

Geometries  of  both  the  classical  and  the  non-classical  forms  are  determined 
at  the  coupled-cluster  singles  and  doubles  (CCSD)  level  using  a  triple-zeta  plus 
double  polarization  (TZ2P)  basis  set  comprised  of  (1  ls,6p,2d)/[5s,3p,2d]  contrac- 
tion for  C  and  (5s,2p)/[3s,2p]  contraction  for  H.  The  sp  set  has  been  taken  from 
Dunning  [138].  Polarization  exponents  have  been  optimized  locally  for  several 
prototype  molecules  at  the  MBPT(4)  level  of  correlation  and  are  contracted  follow- 
ing a  recipe  by  Dunning  [139].  Harmonic  vibrational  frequencies  are  calculated 
by  finite  differences  of  analytically  computed  gardients  at  CCSD/TZ2P  level.  We 
obtain  CCSD(T)  single  point  energies  at  the  critical  geometries  of  the  "classical" 
transition  structure  and  bridged  form,  using  an  augmented  polarized  valence  triple- 
zeta  (cc-pVTZ)  basis  set  which  comprised  (10s,5p,2d,lf)/[4s,3p,2d,lf]  contraction 
for  C  and  (5s,2p,ld)/[3s,2p,ld]  contraction  for  H  [182].  Spherical  harmonic  gauss- 
ian  basis  functions  have  been  used  in  all  the  geometry  optimizations,  vibrational 
frequency  and  single  point  energy  calculations.  The  NMR  chemical  shift  calcu- 
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lations  use  gauge-including  atomic  orbitals  (GIAO)  at  the  MBPT(2)  level  [183, 
184],  and  QZ2P  basis  set  for  C  [lls,7p,2d]/(6s,3p,2d)  and  for  a  H  [7s,2p]/(4s,2p) 
(polarization  exponents  are  1.39  and  0.46)  [143]. 


Table  6.21.  Ground  state  equilibrium  geometries  of  the  "classical" 
transition  structure  and  bridged  forms  of  the  C2H5"^  cation.* 


 C2v  (I)  Cs(n) 

C1C2  1.38023  1.41818 

CiHb  1.30942 

C2H1    1.07999 

C1H2  1.08187 

C2H2    1.10813 

C1H3    1.08564 

C1H4    1.08590 

H2C1H2  119.05099 

H2C2H2    98.61009 

H2CiHb  105.66690 

H2C2H1    113.33686 

H1C2C1    116.74616 

H4C1C2    122.96805 

H3C1C2    120.05834 


*Bond  lengths  are  in  Angstroms  and  bond  angles  are  in  degrees. 
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Figure  5.1 
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The  NMR  spin-spin  coupling  constants  are  calculated  at  EOM-CCSD  level  us- 
ing two  different  Cartesian  Gaussian  basis  sets  to  assess  convergence.  One 
of  the  basis  set  (basis-I)  consists  of  (6s,lp)/[4s,lp]  contraction  for  H  and 
(10s,6p,ld)/[6s,3p,ld]  contraction  for  C  [140]  and  the  other  (basis-H)  consist 
of  (8s,3p)[5s,3p]  contraction  for  H  (polarization  exponents  are  2.292,  0.838  and 
0.292)  and  (13s,8p,2d)/[8s,5p,2d]  contraction  for  C  (polarization  exponents  are 
2.292  and  0.46)  [143]. 

The  CCSD/TZ2P  bridged  (Fig.  5.1,  (I))  and  "classical"  (Fig.  5.1,  (H)) 
geometries  are  given  in  Table  6.21,  and  depicted  in  Figure  5.1.  The  H2C2H2  angle 
of  only  98  degrees,  the  relatively  long  (1.108  A)  C2H2  and  short  H2...H2  (1.68 
A)  separation  might  be  said  to  characterize  the  three  center-two  electron  bonding 
arising  from  the  hyperconjugative  interaction  of  the  "vacant"  Cl(p)  orbital  with 
both  hydrogens  [185],  as  being  somewhat  similar  to  an  H2  complex  of  the  classical 
vinyl  cation,  H2CCH+...H2.  Yet  the  H2..H2  distance  has  a  much  longer  bond  length 
than  usual  for  H2  (0.746  A).  A  consequence  of  the  structure  is  the  unusually  small 
'J(C2H2)  coupling  constant  (109  Hz)  computed  for  U  (see  Table  6.25). 

These  extremum  points,  I  and  IT,  on  the  C2H5+  potential  energy  surface  are 
characterized  by  the  CCSD/TZ2P  finite  difference  vibrational  frequencies  (Table 
6.22).  The  perpendicular  stretching  vibration  (t<;5(Ai))  involving  the  bridging 
hydrogen  in  I  is  predicted  to  give  rise  to  an  intense  signal  at  2186  cm'^  in  an 
unusual  region  of  the  IR  spectrum. 
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Table  6.22.  The  CCSD/TZ2P  vibrational  frequencies  (in 
cm~^).  Intensities  are  given  in  parenthesis  (in  km/mol)*. 


C2v(I) 

Cs(II) 

^  1 70  8  CO  n 

2186  2  ("41  9) 

3235  7  (?  ft\ 

Ai 

1601  2  C6 
1153.1  (40.2) 

19A\.l  (15.2) 

1*^01  ?  r^^^  8^ 
loui.z  1,0.0^ 

A' 

1  SAO  A  /"I  Q^ 

3278  9  fO  0") 

1483  'S  (\1  «\ 

A2 

1278.2  (0.0) 
1097.5  (0.0) 

1280.7  (67.2) 
1215.3  (32.8) 

3165.5  (29.4) 

1095.7  (134.7) 

Bi 

1507.5  (20.5) 

813.6  (19.4) 

1307.5  (7.0) 
697.1  (148.7) 

2944.4  (62.9) 
1425.3  (26.1) 

3293.9  (59.3) 

A" 

1289.4  (1.0) 

B2 

1499.3  (19.6) 
852.3  (0.0) 

759.6  (3.9) 
368.6i  (39.0) 

At  the  CCSD/TZ2P  optimized  geometries. 


A  similar  feature  (at  2175  cm"'  has  been  observed  for  the  2-butyl  cation  [186, 
187].  The  transition  structure  for  H-scrambling,  11,  (a;  15 (A"))  has  a  rather 
large  imaginary  frequency  (369/),  corresponding  to  a  complex  twisting  motion 
[178-180].  Our  A*Ho  (including  zero-point  vibration  at  0  K)  barrier  predictions. 
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6.9  and  8.1  kcal/mol  at  CCSD  and  CCSD(T)  respectively,  at  the  CCSD/TZ2P 
geometries,  are  at  the  highest  levels  which  have  been  reported  to  date. 

As  shown  in  Table  6.23,  the  computed  chemical  shifts  of  H2  (7.89)  and  Ci 
(163.97)  of  bridged  C2H5'^,  relative  to  TMS,  may  be  compared  with  the  and 
^^C  chemical  shifts  computed  for  ethylene,  5.21  and  133.60,  respectively  (the 
gas  phase  experimental  C2H4  values  are  5.08  and  133.88  [188]).  The  positive 
charge  is  responsible  for  the  downfield  shift  of  H2  and  Ci  of  bridged  C2H5"^ 
compared  to  those  of  C2H4.  The  chemical  shift  (-0.02)  of  bridging  hydrogen,  Hb 
in  I,  is  unexceptional  and  the  charges  on  such  bridging  H's  are  similar  to  those 
of  the  other  hydrogens  [189].  However,  this  behavior  can  be  rationalized  by  the 
fact  that  the  induced  magnetic  field  produced  at  the  bridged  proton  by  a  slightly 
deformed  tt  electron  cloud  is  opposed  to  the  external  magnetic  field.  Hence,  the 
resultant  magnetic  field  felt  by  the  bridged  proton  is  lowered  resulting  an  upfield 
shift  for  the  bridged  proton  in  the  NMR  spectrum.  This  is  not  an  uncommon 
situation  as  it  occurs  in  the  NMR  spectrum  of  annulenes  [190].  Table  6.23  also 
summarizes  the  average  'H  and  '^C  chemical  shifts,  which  might  result  from 
complete  scrambling,  assuming  I  or  11  were  the  only  populated  forms.  These 
quite  different  values  demonstrate  how  easily  they  could  be  distinguished,  in 
principle.  Of  course,  the  individual  H  and  C  chemical  shifts  computed  for  H 
vary  considerably. 
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Table  6.23.  The  GIAO-MBPT(2)/QZ2P  NMR  chemical  shifts  (6,  in  ppm)  of  the 
"classical"  transition  structure  and  bridged  form  of  the  C2H5"^  cation*. 


C2v  (I) 

Average 
(I) 

Average 
(H) 

Ci 

163.97 

361.17 

163.97 

217.57 

C2 

73.96 

Hb  (Hi) 

-0.02 

5.16 

H2 

7.89 

5.26 

6.31 

8.54 

H3 

13.56 

H4 

13.47 

*The  reported  chemical  shifts  are  relative  to  TMS  as  the  reference.  The  '^C 
and  shielding  for  ethylene  is  133.60  ppm  (MBPT(2)/QZ2P)  and  5.21  ppm 
(MBPT(2)/QZ2P),  respectively. 

The  chemical  shifts  computed  for  Ci  (the  carbenium  carbon)  as  well  as  the 
attached  hydrogens,  H3  and  H4  of  the  "classical"  ethyl  cation  (Table  U),  are 
all  highly  deshielded,  consistent  with  experimental  observations,  e.g.  for  the 
2-propyl  cation  [173]. 

Tables  6.24  and  6.25  shows  the  EOM-CCSD  NMR  spin-spin  coupling  con- 
stants of  bridged  and  "classical"  form  obtained  by  using  basis-I  and  basis-II.  In  the 
following  discussion,  we  use  basis-II  results  since  they  appear  to  be  converged. 
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Table  6.24.  The  NMR  spin-spin  coupling  constants  of  C2H5'^  for  the  bridged  form 
(in  Hz)^ 


Coupling 

Basis 

FC 

SD 

PSO 

DSO 

Total 

ij(CiHb) 

basis-I 

10.19 

-0.05 

2.07 

0.58 

12.79 

basis-II 

10.23 

-0.08 

2.30 

0.56 

13.01 

''J(HbH2) 

basis-I 

-8.78 

0.06 

1.45 

-1.67 

-.8.56 

basis-II 

-8.58 

0.10 

1.83 

-1.70 

-8.52 

ij(CiH2) 

basis-I 
basis-II 

168.20 
166.64 

0.43 
0.45 

-0.92 
-0.75 

0.35 
0.32 

168.06 
166.66 

basis-I 
basis-II 

8.10 
8.31 

-0.02 
0.00 

0.57 
0.77 

-1.05 
-1.06 

7.60 
8.02 

^J(H2H2)trans 

basis-I 
basis-II 

17.58 
17.72 

0.05 
0.05 

1.85 
3.04 

-3.50 
-3.53 

15.98 
17.28 

EOM-CCSD  NMR  spin-spin  coupling  constants  at  CCSD/TZ2P  optimized  ge- 
ometries. 


The  EOM-CCSD  spin-spin  coupling  constants  show  that  ^J(CiHb)  =  13  Hz  for 
bridged  form.  This  is  an  unusually  small  value  as  ('j(CH)'s  in  hydrocarbons 
generally  range  between  125  and  250  Hz,  with  the  ethylene  value  being  156 
Hz  [147];  the  13  Hz  coupling  constant  should  provide  a  fingerprint  for  such 
1,2-hydrogen  bridged  non-classical  cations. 
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Table  6.25.  The  NMR  spin-spin  coupling  constants  of  C2H5'^  for  the 
"classical"  transition  structure  (in  Hz^). 


Coupling 

Basis 

FC 

SD 

PSO 

DSO 

Total 

ij(CiH3) 

basis-I 

163.57 

1.05 

-3.26 

0.14 

161  50 

1  TT 

basis-II 

162.87 

1.04 

-3.17 

0.10 

160.84 

basis-I 

162.30 

1.14 

-3.20 

0  13 

160  37 

ij(CiH4) 

basis-II 

161.49 

1.15 

-3.09 

0.09 

159.64 

basis-T 

153.14 

0.14 

0  1 1 

0  47 

iJCCjHi) 

basis-II 

151.43 

0.18 

0.38 

0.45 

152.44 

basis-I 

108.26 

0.04 

0  78 

0  54 

10Q  69 

'J(C2H2) 

basis-U 

107.19 

0.05 

1.17 

0.51 

108.92 

basis-I 

9.42 

0.09 

0.60 

-0.95 

9.16 

3j(HiH4) 

basis-II 

9.65 

0.12 

0.76 

-0.97 

9.56 

basis-I 

15.87 

0.01 

1.73 

-3.37 

14.24 

3j(HiH3) 

basis-n 

15.89 

0.00 

2.85 

-3.40 

15.34 

basis-I 

-1.86 

0.14 

0.73 

-1.03 

-2.02 

3j(H2H3) 

basis-II 

-1.85 

0.14 

0.92 

-1.05 

-1.84 

basis-I 

-0.09 

0.08 

1.60 

-2.82 

-1.23 

3j(H2H4) 

basis-II 

-0.02 

0.09 

2.51 

-2.85 

-0.27 

^EOM-CCSD  NMR  spin-spin  coupling  constants  at  CCSD/TZ2P  optimized  ge- 
ometries. 
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Unsupported  /i-H-bridged  (C-H-C)  carbocations  are  known  that  have  consistent 
ij(CH)'s,  in  the  35^0  Hz  range  [186,  187,  191,  192],  although  lower  values  have 
been  measured  in  more  weakly  bonded  unsymmetrical  systems  [193].  The  ^  J(CH) 
=  166.7  Hz  computed  for  non-bridging  H's  of  I,  is  10.7  Hz  larger  than  the  ethylene 
value.  As  the  FC  component  dominates  the  coupling,  the  bond  polarization  which 
increases  ^J(CH)  exceeds  the  lowering  effect  caused  by  the  hybridization  change 
from  sp^  to  sp^.  Olah  etal.  [175]  observed  that  SbFs  complexation  of  CH3CH2F 
led  to  a  about  12  Hzincrease  in  the  alpha  'J(CH)  to  162  Hz,  but  only  to  slight 
deshielding  of  the  alpha  '■'C  and  'H  chemical  shifts.  Comparing  these  results  with 
our  predictions  of  the  "classical"  ethyl  cation  (H)  magnetic  properties  (Tables  6.23 
and  6.25),  the  chemical  shifts  computed  for  Ci  (the  carbenium  carbon)  as  well 
as  the  attached  hydrogens,  H3  and  H4,  are  all  highly  deshielded,  consistent  with 
experimental  observations,  e.g.  for  the  2-propyl  cation  [173].  Also,  the  computed 
'j(CiH3)  and  'J(CiH4)  values  are  both  near  160  Hz.  It  is  apparent,  though,  that 
the  CH3CH2F-SbF5  complex  has  little  bridged  carbocation  ion  character. 

6.3  2-Nobomyl  Cation  (CtHh-^) 

The  structure  of  the  2-norbomyl  cation  (Fig.  5.2)  has  been  the  focal  point 
of  one  of  the  longest  lasting  controversies  in  physical  organic  chemistry  [194, 
195].  A  vast  amount  of  experimental  effort  over  the  last  40  years  has  attempted 
to  establish  clearly  whether  the  non-classical  structure  (Fig.  5.2,  (IV))  or  the 
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classical  structure  (Fig.  5.2,  (III))  is  more  stable  (or  exists?)  and  whether  one 
or  the  other  form  can  be  rationalized  best  by  existing  experimental  data.  The 
structure  of  the  2-norbomyl  cation  has  been  studied  by  a  variety  of  spectroscopic 
techniques  such  as  *H  and  NMR  [196,  172,  6],  Raman  [197],  and  X-ray 
photoelectron  spectroscopy  [172],  while  NMR  spectroscopy  has  been  the  more 
prominent  technique.  The  isotopic  perturbation  of  resonance  technique  developed 
by  Saunders  and  co-workers  have  been  applied  to  2-norbomyl  cation  [198,  199]. 
Yannoni  and  Myher  have  studied  the  2-norbomyl  cation  by  solid-state  '^C  NMR 
spectroscopy  using  cross  polarization  magic  angle  spinning  techniques  at  very 
low  temperatures  [200].  The  experimental  evidence  favors  the  symmetric  bridged 
structure  (non-classical)  for  the  2-norbomyl  cation  in  non-nucleophlic  media, 
where  direct  spectroscopic  measurements  can  be  made.  Recently,  Schleyer  and 
Chandrasekhar  concluded  that  the  2-norbomyl  cation  has  an  extra  stabilization 
of  6  ±  1  kcal/mol  due  to  bridging  in  stable  ion  media  [201].  This  stabilization 
might  be  due  to  some  factors  other  than  bridging,  however,  as  Schleyer  and 
Chandrasekhar  pointed  out  that  the  experimental  evidence  favoring  the  bridged 
structure  of  the  2-norborayl  cation  is  now  overwhelming.  A  number  of  theoretical 
studies  of  the  energetics  of  various  stmctures  of  the  2-norbomyl  cation  has  been 
carried  out.  The  MINDO/3  calculations  [202]  with  full  geometry  optimizations 
predicted  the  classical  stmcture  to  be  1.9  kcal/mol  more  stable  than  the  non- 
classical  stmcture.  Acoording  to  MINDO/3  results,  the  non-classical  stmcture  is 


172 

not  a  local  minimum  but  rather  a  transition  state  for  the  degenerate  rearrangement 
of  the  two  classical  structures.  Goetz  et  al.  [203]  empolyed  minmal  ST0-3G  and 
split- valence  4-3 IG  basis  sets  in  Hartree-Fock  (HF)  calculations  of  2-norbomyl 
structures. 


The  non-classical  ion  was  5.2  kcal/mol  higher  in  energy  for  the  ST0-3G 
basis  and  partially  optimized  geometries,  while  in  the  4-3 IG  basis  the  difference 
is  0.2  kcal/mol.  However,  these  authors  argue  that  in  the  gas  phase,  the  non- 
classical  form  is  more  stable  after  approximate  corrections  for  basis  set  extension 
and  electron  correlation  effects.  Wenke  and  Lenoir  [204]  predicted  the  non- 
classical  ion  to  be  5.9  kcal/mol  higher  in  energy  based  on  minimal  basis  set  HF 
calculations  at  the  MINDO/3  geometries.  Kohler  and  Lischka  [205]  considered 
effects  of  electron  correlation  and  of  having  polarization  functions  on  carbon 
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atoms.  According  to  their  double  zeta  (DZ)  basis  set  HF  results  at  the  STO- 
3G  geometries,  the  classical  form  was  predicted  to  be  0.8  kcal/mol  more  stable. 
Inclusion  of  polarization  functions  on  the  carbons  near  the  positions  of  the 
formal  positive  charge  preferentially  stabilized  the  non-classical  ion,  yielding  an 
energy  2  kcal/mol  lower  than  the  classical  one.  Electron  correlation  effects  at 
the  CEPA  (coupled-electron-pair  approximation)  level  further  stabilize  the  non- 
classical  cation,  placing  it  13  kcal/mol  lower  in  energy  than  the  classical  structure. 
Goddard  and  coworkers  [206]  have  employed  near-double-zeta  quality  basis  set 
in  a  full,  rigorous  HF  geometry  optimization  of  the  2-norbomyl  cation.  They 
have  concluded  that  the  classical  form  is  0.2  kcal/mol  more  stable  than  the  non- 
classical  form  at  the  SCF/4-21G  leval  while  at  the  SCF/DZ  level,  the  classical 
form  is  1.0  kcal/mol  more  stable.  When  the  carbon  4-2 IG  basis  set  is  augmented 
with  d  polarization  functions  (4-2 IG  +  d  ),  the  non-classical  form  becomes  0.2 
kcal/mol  more  stable  than  the  classical  form. 

As  previous  theoretical  investigations  suggest,  for  conclusive  results  electron 
correlation  effects  and  basis  sets  of  at  least  double-zeta-plus-polarization  qual- 
ity should  be  incorporated  in  geometry  optimizations  and  energy  calculations. 
Here,  we  employ  double-zeta-plus-polarization  (DZP)  basis  sets  combined  with 
MBPT(2)  level  of  theory  in  geometry  optimizations  and  CCSD  level  of  theory  in 
single  point  energy  calculations.  Much-needed  theoretical  support  for  the  exper- 
imental NMR  assignments  of  2-norbomyl  cation  has  not  been  available  as  yet. 
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In  this  work,  we  also  provide  the  NMR  chemical  shifts  and  spin-spin  coupling 
constants  based  on  the  GIA0-MBPT(2)  and  EOM-CCSD  methods  for  possible 
structures  of  the  2-norbomyl  cation. 

Geometries  are  determined  at  the  the  SCF  and  MBPT(2)  level  using  a  DZP 
basis  set  comprised  of  (9s,5p,ld)/[4s,2p,ld]  contraction  for  C  and  (4s,lp)/[2s,lp] 
contraction  for  H.  The  sp  set  has  been  taken  from  Dunning  [138].  Polarization 
exponents  have  been  optimized  locally  at  the  correlated  level  [141].  The  NMR 
chemical  shifts  and  spin-spin  coupling  constants  are  calculated  by  employing 
a  DZP  basis  set  on  C  atoms  and  a  double  zeta  (DZ)  basis  set  on  hydrogens. 
The  DZ  basis  set  on  H  comprised  of  the  (4s)/[2p]  contraction  of  the  Dunning 
(4s)  primitive  set  [138].  Spherical  harmonic  Gaussian  basis  functions  have  been 
used  in  geometry  optimizations,  vibrational  frequency,  and  single-point  energy 
calculations  while  Cartesian  Gaussian  basis  functions  have  been  used  in  NMR 
chemical  shift  and  spin-spin  coupling  constant  calculations. 

The  MBPT(2)/DZP  geometry  of  the  non-classical  form  is  depicted  in  Fig.  5.3; 
it  is  a  true  minimum  on  the  potential  energy  surface  with  the  Cs  abelian  symmetry 
as  was  shown  by  the  SCF/DZP  vibrational  frequency  calculations.  Any  attempt 
to  obtain  the  SCF/DZP  or  MBPT(2)/DZP  optimized  geometries  for  the  classical 
form  from  a  starting  geometry  which  resembles  the  classical  form  with  the 
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Figure  5.3.  rCCgCs)  =  1.53040  A,  r(C5C4)  =  1.53942  A,  r(C4H7)  = 
1.09389  A,  r(C5H8)  =  1.09518  A,  r(CiHio)  =  1.09887  A,  r(CiC6)  =  1.83263  A, 
r(CiH2)  =  1.09035  A,  r(C3C4)  =  1.54120  A,  riCjUe)  =  1-09526  A,  r(C7H4)  = 
1.10058  A,  a(C6C5C4)  =  100.83496°,  a(C5C4H7)  =  115.  72723°,  a(C4C5H8)  = 
112.31048°,  ^(CsCeHio)  =  117.51181°,  aCCjCeHs)  =  102.83263°,  ^(CeCiHj) 
=  110.16942°,  a(C7C4H7)  =  115.62391°,  a(C4C7H6)  =  114.51134°,  a(C4C7H4) 
=  112.43223,  r(H8C5C4H7)  =  61.74691°,  r(H,oC6C5C4)  =  116.12871°, 
T(C2C6C5C4)  =  23.10284°,  rCHzCiCgCs)  =  145.63273°,  r(Ci3C4C3C2)  = 
120.39001°,  r(H6C7C4H7)  =  68.57200°,  r(H4C7C4H7)  =  56.86067° 
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Ci  abelian  symmetry  fails  since  the  final  optimized  geometry  corresponds  to  the 
non-classical  structure.  This  shows  that  there  is  no  energy  barrier  at  the  SCF/DZP 
or  MBPT(2)/DZP  level  between  the  non-classical  and  the  classical  forms  of  the 
2-norbomyl  cations  and  hence,  at  least  at  this  level  of  theory,  the  stable  structure 
is  exclusively  non-classical.  This  is  contrary  to  what  previously  has  been  reported 
in  the  literature  [206].  However,  the  existence  of  the  classical  form  as  a  stationary 
point  in  previous  theoretical  calculations  may  be  an  artifact  due  to  the  inadequacy 
of  not  having  polarization  functions  in  the  basis  sets  employed.  Further  support 
for  this  argument  comes  from  the  fact  that  we  have  been  able  to  characterize  both 
the  classical  and  non-classical  structures  by  SCF/ST0-3G  and  SCF/DZ  geometry 
optimizations.  In  the  following  NMR  calculations,  we  only  consider  the  non- 
classical  structure  with  the  MBPT(2)/DZP  optimized  geoemtrical  parameters. 

Tables  6.26  and  6.27  present  the  GIA0-MBPT(2)  NMR  chemical  shift  and 
EOM-CCSD  NMR  spin-spin  coupling  constants  of  the  non-classical  2-norbomyl 
cation.  The  calculated  NMR  chemical  shifts  of  the  non-classical  form  are  in 
good  agreement  with  the  experimentally  measured  NMR  chemical  shifts  of  the 
2-norbomyl  cation  at  -159  °C  temperature  in  SbF5/S02ClF/S02F2  solution 
[6].  Observation  of  the  Ci  and  C2  carbons  '^C  chemical  shifts  about  125 
and  C6  chemical  shift  about  20-30  supports  a  symmetrical  bridged  structure  for 
the  2-norbomyl  cation  since  five  (or  higher  coordinate)  carbons  usually  shows 
sheilded  (upheld)  '^C  chemical  shifts  [207-209]. 
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Table  6.26.  The  GIA0-MBPT(2)  NMR  chemical  shifts 
(6,  in  ppm)  of  the  non-classical  2-norbomyl  cation^. 


Chemical  shift 

Experiment^ 

C6 

22.92 

21.2 

Cs 

24.81 

20.4 

C4 

40.44 

37.7 

Ci,  C2 

121.79 

124.5 

C3,  C7 

40.97 

36.3 

H7 

2.95 

2.82 

Hg,  H9 

1.22 

1.37 

Hio,  Hn 

2.48 

3.17 

Hi,  H2 

6.34 

6.75 

H5,  He 

2.07 

2.13 

H3,  H4 

2.03 

2.13 

"^The  GIA0-MBPT(2)  NMR  chemical  shifts  are  calculated  at  the  MBPT(2)/DZP 
optimized  geometry  employing  a  DZP  basis  on  C  atoms  and  a  DZ  basis  on 
hydrogen  atoms.  The  reported  chemical  shifts  are  relative  to  TMS  as  the 
reference. 

G.  A.  Olah  et  al,  [6]. 
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Table  6.27.  The  EOM-CCSD  NMR  spin-spin  coupling 
constants  of  the  non-classical  2-norborayl  cation  (in  Hz)^. 


Coupling 

FC 

Average 

Exp.*' 

ij(C2Hi),  ij(CiH2) 

175.4 

187.7 

'j(C6Hii),  iJ(C6Hio) 

138.4 

147. 1±5 

1  T^r^_T-I  \    1  '\(C  u  \ 

133.9 

1  9^  9 

131.2 

^(CsHg),  'JCCsHg) 

130.6 

153.2±5 

^J(C4H7) 

144.5 

150.9 

J(HiH7),  KHjHt) 
J(H„H7),  J(HioH7) 

0.4 
0.0 

0.4 

0.4 

J(H6H7),  J(H5H7) 

1.0 

1.6 

1.6 

J(H4H7),  J(H3H7) 

2.2 

J(H2H6),  J(HiH5) 

1.9 

T/TT    TT    \      T/TT    TT  \ 

J(H2H4),  J(HiH3) 

0.3 

0  9 

0.9 

1.4 

J.H- 

KHiiHs),  J(HioH6) 

0.2 

J(H2H5),  J(HiH6) 

-0.1 

J(H2H3),  J(HiH4) 

-0.8 

'J(C5C6) 

37.7 

Jj(C5C4) 

28.7 

1J(C4C7),  'J(C4C3) 

30.3 

'j(CiC7).  'J(C2CC3) 

35.2 
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Table  6.27.  (Continued)     The  EOM-CCSD  NMR  spin-spin 
coupling  constants  of  the  non-classical  2-norbomyl  cation  (in  Hz)^. 


Coupling 


FC 


Average  Exp.^ 


J(ClC2). 


41.83 


J(CiC6),  iJ(C2C6) 


-5.6 


^The  EOM-CCSD  NMR  spin-spin  coupling  constants  at  the  MBPT(2)/DZP  op- 
timized geometries  employing  a  DZP  basis  on  C  atoms  and  a  DZ  basis  on  H 
atoms. 

"G.  A.  Olah  et  ai,  [6]. 

The  absence  of  highly  deshielded  (downfield)  carbon  atoms,  a  characteristic  of 
the  trivalent  sp^  carbon  atoms,  for  example  t-butyl  cation,  cyclopentyl  cation 
[210]  also  supports  the  bridged  nature  of  the  2-norbomyl  cation.  At  higher 
temperatures,  the  proton  NMR  is  not  well  resolved  due  to  the  fast  2,3  hydrogen, 
6,  1,  2  hydrogen  and  Wagner-Meerwein  (a -bond  shift)  shifts  [211].  Yannoni 
and  Myhre  have  obtained  magic  angle  cross  polarization  '^C  NMR  of  the  ^^C- 
enriched  2-norbomyl  cation  in  SbFs  solid  matrix  at  -159  °C  temperature  and 
their  solid  state  chemical  shifts  are  similar  to  Olah  et  al.  low  temperature  liquid 
phase  results  [6]. 

As  we  have  seen  in  chapter  3,  the  significance  of  non-contact  contributions 
for  the  NMR  spin-spin  coupling  constants  of  hydrocarbons  is  negligible.  We 
take  advantage  of  this  fact  and  only  consider  the  FC  contribution  for  NMR 
spin-spin  coupling  constants  of  2-norbomyl  cation.  Calculation  of  non-contact 
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contributions  for  medium-sized  molecules  such  as  2-norbomyl  cation  demands 
extensive  use  of  computer  resources  and  is  not  very  practical.  As  we  can  see 
from  Table  6.27,  for  theoretically  calculated  FC  only  NMR  spin-spin  constants  of 
the  non-classical  2-norbomyl  cation  is  in  good  agreement  with  the  experimentally 
measured  NMR  spin-spin  coupling  constants  of  the  2-norbomyl  cation  at  —159 
°C  temperature  in  SbFs/SO  2CIF/SO2F2  [6].  This  further  supports  Olah's  claim 
that  the  experimentally  measured  NMR  spectmm  corresponds  to  the  non-classical 
form  of  the  2-norborayl  cation.  Consequently,  the  symmetric  bridged  form  of 
the  2-norbonyl  cation  exists  as  a  long  lived  species  in  superacid  medium  at  low 
temperatures.  The  '  JC^^C'^C)  coupling  constants  are  usually  in  the  range  of  +10- 
40  Hz.  However,  in  Table  6.27,  the  ^JC^Ce^^Ci)  and  ^JCi^Ce'^Cz);  coupHng 
constants  of  pentacoordinated  bridged  carbon  atom  (C^)  to  bridgehead  carbon 
atoms  (Ci  and  C2)  is  negative  and  have  a  smaller  magnitude  compared  to  a 
typical  value  for  ^J^^C^^C)  coupling  constants.  This  can  be  used  as  a  fingerprint 
to  identify  penta  (or  higher)  coordinated  bridged  carbon  stmctures. 

At  this  point  it  is  important  to  note  that  a  rapidly  interconverting  mixture  of 
classical  carbocations  via  the  Wagner-Meerwein  (cr-bond  shift)  shifts  can  give  a 
NMR  spectmm  which  is  indistinguishable  from  that  of  the  non-classical  ion  [195]. 
Spectral  line  shapes  and  changes  in  peak  positions  with  the  temperature  may  be 
used  to  establish  that  a  given  NMR  is  responsible  for  a  rapidly  equilibrating 
mixture  or  single  long  lived  species.   Other  physical  methods  such  as  X-ray 
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photoelectron  and  Raman  spectroscopy  can  be  helpful  in  this  task,  too.  Broad  and 
temperature  dependent  NMR  spectra  indicative  of  rapidly  equilibrating  mixtures. 
For  example,  as  Olah  et  al.  [6]  noted  that  NMR  of  2-norbomyl  cation  shows 
a  single  peak  for  all  the  protons  due  to  rapid  2,3  hydrogen,  6,1,2  hydrogen  and 
Wagner-Meerwein  shifts.  Cooling  the  solution  to  — 100  °C  results  in  three  peaks 
at  6  4.92  (4  protons),  2.82  (1  proton)  and  1.93  (6  protons),  indicating  that  the 
2,3  hydrogen  shift  is  fully  frozen,  whereas  the  6,1,2  and  Wagner-Meerwein  shifts 
are  still  fast  on  the  NMR  time  scale.  Further  cooling  to  -158  °C  results  in 
significant  changes  in  the  spectrum;  and  the  corresponding  chemical  shifts  and 
spin-spin  coupling  constants  are  given  in  Tables  6.26  and  6.27.  The  observation 
of  comparably  narrow  widths  at  this  temperature  led  Olah  et  al  [6]  to  argue 
that  either  the  6,1,2  hydrogen  and  Wagner-Meerwein  shifts  are  completely  frozen 
and  the  2-norbomyl  cation  has  a  non-classical  structure  or  the  6,1,2  shifts  are 
frozen  and  the  Wagner-Meerwein  shifts  are  still  fast  on  the  NMR  time  scale  with 
a  very  shallow  activation  barrier.  Yannoni  et  al.  [200]  have  obtained  magic  angle 
cross  polarization  ^^C  NMR  of  the  '^c  enriched  2-norbomyl  cation  in  SbFs  solid 
matrix  -190  °C  and  their  solid  state  chemical  shifts  are  similar  to  Olah  et  al.  [6] 
liquid  phase  NMR  results  at  -158  °C.  Another  study  by  the  same  authours  have 
obtained  the  solid  state  ^^C  NMR  spectmm  at  -269  °C  with  no  change  in  the 
relative  peak  positions,  indicating  that  the  barrier  for  a  rapid  Wagner-Meerwein- 
like  shift,  if  it  still  exists  must  be  less  than  0.2  kcal/mol.  As  a  consequence  of 
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that  Olah  et  al.  [6  ]  suggests  that  if  such  a  process  occurs,  it  must  be  exclusively 
between  unsymmetrical  non-classical  structures  equlibrating  with  the  symmetrical 
non-classical  structure  and  open  classical  form  cannot  be  involved  as  populated 
species. 

In  the  case  of  theoretical  NMR  spectroscopy,  the  structure  responsible  for 
the  calculated  NMR  spectrum  is  prior  known.  On  the  other  hand,  in  the  case 
of  experimental  NMR  spectroscopy,  the  molecular  structure  responsible  for  the 
NMR  spectrum  has  to  be  inferred  from  the  measured  spectrum. 

The  agreement  shown  in  Tables  6.26  and  6.27  of  the  calculated  NMR  param- 
eters of  the  non-classical  2-norbomyl  cation  with  the  experimentally  measured 
NMR  parameters  at  -158  °C  unambiguously  rule  out  the  possible  existence  of 
the  classical  structure.  This  is  a  perfect  illustration  of  employing  calculated  NMR 
parameters  for  conclusive  correlations  of  the  measured  spectrum  with  the  molec- 
ular structure.  However,  at  this  point  our  calculated  results  cannot  confirm  or  rule 
out  the  possible  existence  of  unsymmetrical  non-classical  structures  equilibrating 
with  the  symmetrical  non-classical  structures. 

6.4  Conclusions 

In  this  chapter,  we  have  demonstrated  the  application  of  theoretically  calcu- 
lated EOM-CCSD  NMR  spin-spin  coupling  constants  in  the  study  of  structures 
of  alkyl  carbocations. 
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The  first  application  we  have  considered  here  was  the  structure  and  the  NMR 
spectra  of  the  ethyl  carbocation.  There  are  two  possible  structures  for  the  ethyl 
carbocation,  the  classical  form  with  a  trivalent  carbon  atom  or  the  non-classical 
form  with  three  center  two  electron  bonds.  Due  to  the  rapid  intermolecular 
hydrogen  scrambling,  the  ethyl  cation  cannot  be  isolated  in  superacid  medium 
for  direct  observation  by  physical  methods.  Consequently,  predictive  theoretical 
calculations  are  required  to  study  the  energetics,  vibrational  and  NMR  spectra.  In 
the  gas  phase,  the  non-classical  form  was  shown  to  be  about  5-6  kcal/mol  more 
stable  than  the  classical  form  at  the  CCSD(T)/TZ2P  level.  The  non-classical 
structure  is  a  true  minimum  on  the  potential  energy  surface  and  the  classical 
structure  is  the  transition  state  for  proton  scrambling.  In  this  research,  we  have 
provided  theoretically  predicted  NMR  spectra  for  the  classical  and  non-classical 
structures.  The  ^J(CHb)  in  the  non-classical  structure  is  predicted  to  be  13  Hz 
and,  serves  as  a  fingerprint  for  the  hydrogen  bridged  structures. 

In  the  second  application,  we  have  studied  the  structure  and  the  NMR  spectra 
of  the  2-norbomyl  cation.  Based  on  the  kinetic  and  stereochemical  evidence. 
Brown  argues  [195]  that  the  structure  of  the  2-norbomyl  is  an  equlibrium  mixture 
of  rapidly  interconverting  classical  structures  with  trivalent  carbon  atoms.  Based 
on  the  NMR  and  X-ray  photoelectron  results,  Olah  [197,  194,  6,  168  ]  and  several 
other  workers  [200,  201]  argue  that  the  structure  of  2-norbomyl  cation  is  non- 
classical  with  a  penta-coordinated  carbon  atom.  We  only  find  the  non-classical 
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structure  at  the  MBPT(2)/DZP  level  of  theory  and  it  is  a  true  minimum.  In  other 
words,  there  is  no  barrier  between  the  classical  and  the  non-classical  form  of  the 
2-norbomyl  cation  and  the  stable  equlibrium  structure  is  exclusively  non-classical. 
This  is  quite  contrary  to  the  previously  reported  theoretical  results.  We  have  shown 
that  the  presence  of  a  stationary  point  in  the  potential  surface  corresponding  to 
the  classical  structure  in  previous  theoretical  calculations  was  an  artifact  resulting 
from  the  poor  quality  basis  sets  employed,  and  inadequate  amount  of  electron 
correlation.  The  calculated  NMR  parametres  are  in  good  agreement  with  the 
experimentally  measured  NMR  parameters  for  the  2-norbomyl  cation  at  -159 
"C  in  SbF5/S02ClF/S02F2  [6].  This  will  further  support  the  conclusion  made 
by  Olah  [6]  from  the  NMR  and  X-ray  photoelectron  results  that  the  structure 
of  the  2-norbomyl  cation  exists  in  solution  is  non-classical.  The  negative  and 
smaller  magnitude  of  'JCi^Cgi^Ci)  and  'JCi^Cg^^Q)  the  non-classical  structure 
may  serve  as  a  fingerprint  for  the  penta-  or  higher  coordinated  carbon  bridged 
structures. 

Comparisons  between  computed  and  experimental  NMR  chemical  shifts  have 
become  a  powerful,  ever  more  widely  applied  tool  for  structure  elucidation  [184, 
186,  212],  Accurate  computation  of  NMR  coupling  constants  [93,  213,  214],  as 
illustrated  here,  and  which  can  be  obtained  regardless  the  atoms  involved,  will 
greatly  extend  the  applicability  of  such  theoretical  predictions. 
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CHAPTER  7 
APPLICATION  OF  EOM-CCSD  NMR  SPIN-SPIN 
COUPLING  CONSTANTS  IN  CONFORMATIONAL  ANALYSIS 

7.1  Introduction 

The  variation  of  vicinal  NMR  spin-spin  coupling  constants  with  the  dihedral 
angle  between  coupled  nuclei  is  a  well-known  phenomenon  [215,  216].  Such 
variations  are  assumed  to  be  described  by  model  mathematical  relations  between 
the  spin-spin  coupling  constants  and  dihedral  angle  4>  of  the  coupled  nuclei.  Often 
these  realtions  have  the  form 

=  Acos^(l)  +  Bcos(i>  +  C  (7.221) 

commonly  known  as  "Karplus-like  relations"  [217,  215,  218,  219].  The  basic 
assumption  of  "Karplus  relations"  given  in  Eqn.  7.221  is  that  the  coupling  con- 
stants depen  predominantly  dependent  on  the  dihedral  angle  between  the  coupled 
nuclei.  The  existence  of  such  relations  is  usually  established  by  employing  ap- 
proximate theoretical  methods  to  calculate  NMR  spin-spin  coupling  constants  as 
a  function  of  the  dihedral  angle  [220-222].  More  recently,  X-ray  crystallographic 
studies  coupled  with  high  resolution  NMR  measurements  also  support  the  exis- 
tence of  such  qualitative  relations  [223-225].  In  general,  the  coupling  constants 
are  intricate  functions  of  the  geometrical  (bond  lengths,  angles)  and  electronic 
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(electronegativities,  formal  charges)  parameters  of  the  molecule  under  considera- 
tion. As  discussed  in  chapter  4,  even  at  the  ab  initio  Hartree-Fock  level  of  theory, 
there  are  large  error  bars  in  the  calculated  NMR  spin-spin  coupling  constants  and 
relations  similar  to  Eqn.  7.221  derived  from  results  obtained  from  qualitative 
theoretical  calculations  must  be  used  with  caution.  Instead,  systematic  investiga- 
tions using  quantitatively  accurate  theoretical  methods  are  required  to  calculate 
the  variation  of  the  coupling  constants  as  a  function  of  molecular  parameters  to 
establish  much  improved  correlations  and  also  to  understand  the  intrinsic  factors 
which  govern  the  coupling  surface. 

In  spite  of  these  potential  fundamental  problems,  relations  similar  to  that 
one  given  in  Eqn.  7.221  have  been  used  extensively  in  conformational  studies; 
given  the  experimentaly  measured  and  prior  determined  "Karplus-like  rela- 
tion" one  can  calculate  the  angle  (t>.  For  example,  variation  of  3J('H^H)  and 
^J('H*H)  for  H-C-C-H  and  H-N-C-H  moieties  with  respective  dihedral  angles 
[226,  216]  have  been  widely  used  in  conformational  analysis.  In  the  latter  case, 
variation  of  ^JC^H^H)  for  the  H-N-C-H  moiety  is  particularly  important  since  it 
can  be  used  in  the  conformational  studies  of  polypeptides.  At  present  the  most 
powerful  means  for  studying  the  structures  of  polypeptides  in  solution  is  NMR 
spectroscopy,  whose  potential  in  static  conformational  analysis  does  not  lag  far 
behind  the  X-ray  method.  An  outstanding  merit  of  the  NMR  method  is  its  abil- 
ity to  provide  a  deep  insight  into  the  dynamical  aspects  of  the  three-dimensional 
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molecular  structure  and  intra-  and  intermolecular  interactions  in  solution.  Appli- 
cation of  "Karplus-like  relations"  coupled  with  high  resolution  multi-dimensional 
NMR  spectroscopic  measurements  are  begining  to  complement  other  types  of  in- 
vestigations of  polypeptide  structures  in  solution  [227-233].  Before  we  continue 
any  further,  there  are  several  important  points  that  need  to  be  discussed  on  the 
application  of  this  technique  to  conformational  analysis. 

First,  one  needs  to  establish  values  of  A,  B  and  C  in  the  Karplus  relation 
given  in  Eqn.  7.221.  This  is  quite  often  done  by  studying  model  systems  which 
can  mimic  the  structures  in  question.  For  example,  in  the  case  of  peptides,  N- 
methylacetamide  and  alanine  dipeptide  are  commonly  used  as  model  sytems,  i.e. 
readily  accessible  small  molecules.  After  the  selection  of  the  appropriate  model 
system,  it  requires  ^J('h'H)  for  the  model  system  at  different  dihedral  angles. 
Except  for  a  few  cases,  individual  conformers  corresponding  to  different  dihedral 
angels  are  inaccessible  to  direct  measurment  by  NMR  spectroscopy  and  one  has 
to  calculate,  theoretically,  3J('h'H)  values.  This  is  where  the  selection  of  a 
small  molecule  as  the  model  system  is  essential.  Semiemperical  (INDO)  [220] 
and  uncoupled  Hartree-Fock  methods  [223]  have  been  used  for  this  purpose  but 
as  we  discussed  in  chapter  4,  correlation  effects  are  essential  for  an  accurate 
calculation  of  NMR  spin-spin  coupling  constants.  The  main  purpose  of  this  study 
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is  to  employ  the  newly  developed  EOM-CCSD  method  to  calculate  spin-spin 
coupling  constants  as  a  function  of  the  dihedral  angle  and  thus  improve  the 
existing  relations. 

The  second  point  we  need  to  consider  is  the  transferability  of  such  "Karplus- 
like  relations".  As  indicated  earlier,  the  constants  A,  B  and  C  are  derived  for  a 
model  system  and  then  the  same  constants  are  used  to  determine  the  conformation 
of  peptide  linkages  in  a  wide  variety  of  polypeptides.  These  individual  peptide 
links  may  have  completely  different  neighboring  chemical  environments  from  that 
of  the  model  peptide  link  we  have  used  to  develop  the  "Karplus-like  relationship" 
and  one  can  question  the  validity  of  using  the  same  values  for  A,  B  and  C. 
Fortunately,  the  NMR  chemical  shifts  and  spin-spin  coupling  constants  are  local 
properties  and  the  influence  of  the  neighboring  chemical  environment  is  fairly 
small.  Further  support  for  this  assertion  comes  from  the  NMR  measurements  of 
polypeptides  having  known  X-ray  crystallographic  structures.  It  has  been  shown 
from  those  experimental  measurements  combined  with  relations  similar  to  Eqn. 
7.221  that  the  numerical  errors  introduced  by  using  the  same  A,  B  and  C  is  small 
[233,  223]. 

The  third  point  is  somewhat  related  to  the  one  discussed  earlier.  This  point 
concerns  the  fact  that  the  effect  of  the  other  parameters  such  as  bond  angles, 
bond  distances  and  substituent  effects  are  not  incorporated  in  a  simple  relation 
like  the  one  given  in  Eqn.  7.221.  For  example,  recently  Barfield  and  Smith  [234] 
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have  shown  that  the  ^J('H^H)  in  H-C-C-H  is  dependent  not  only  on  the  dihedral 
angle  but  also  on  the  two  bond  angles  of  the  hydrogen  atoms.  However,  their 
conclusions  are  based  on  an  oversimplified  expression  presented  by  Pople  and 
Santry  [95]  to  calculate  the  coupling  constants.  Edison  et  al.  [223]  studied  the 
^J(^H^H)  coupling  surface  of  alanine  dipeptide  with  respect  to  angles  <f)i  and  ipi 
(see  Fig.  6.1)  by  employing  the  uncoupled  Hartree-Fock  (UCHF)  method.  Their 
findings  show  that  the  coupling  surface  is  almost  flat  in  the  direction  of  variation 
of  Ipi  and  support  a  simple  relation  as  given  in  Eqn.  7.221  for  wide  range  of  values 
of  V'i.  Even  for  a  smaller  model  system,  a  correlated  ab  initio  study  of  a  coupling 
surface  demands  an  extensive  use  of  computer  resources  and  is  not  very  practical. 

Having  considered  a  general  picture  of  conformational  analysis  based  on  NMR 
spin  coupling  constants  and  the  problems  associated  with  it,  we  are  now  in  a 
position  to  focus  on  the  subject  material  specific  to  this  chapter.  We  employ  the 
newly  developed  EOM-CCSD  method  to  study  the  variation  of  vicinal  ^J(^H^H) 
with  the  dihedral  angle  in  N-methylacetamide.  As  mentioned,  N-methylacetamide 
is  widely  used  to  mimic  the  peptide  bond  in  polypeptides  and  more  importantly, 
it  is  a  medium-sized  molecule  which  can  be  treated  by  current  correlated  ab  initio 
methods.  A  fragment  of  a  peptide  chain  is  depicted  in  Fig.  6.1  and  the  angles  (f)i 
and  tpi  shown  define  the  conformation  of  the  peptide  link. 
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O 

Figure  6.1 


The  conditions  for  the  determination  of  the  angle  by  measuring  coupling  con- 
stants are  quite  favorable  because  there  is  a  pair  of  vicinal  protons  between  which 
the  coupling  is  large  and  strongly  dependent  on  ^^j.  However,  the  experimental 
condition  for  the  NMR  determination  of  the  angle  ip  is  less  favourable;  there  is 
no  vicinal  proton-proton  coupling  that  can  be  used  for  this  purpose.  Here,  our 
focus  is  mainly  on  the  variation  of  the  angle  (t>i  for  a  fixed  value  of  -01  •  We 
take  advantage  of  Edison  et  al.  [223]  findings  that  the  vicinal  3j(^H^H)  cou- 
pling constant  has  only  a  slight  dependence  on  the  angle  ipi.  In  addition  to  NMR 
spin-spin  coupling  constants,  we  consider  geometries,  energetics  and  vibrational 
frequencies  of  the  cis  and  trans  forms  of  N-methylacetamide. 

In  the  case  of  formamide,  NMR  spin-spin  coupling  constants  are  experimen- 
tally known.  Therefore  calculations  on  the  formamide  molecule  provide  us  several 
usefuU  information  which  we  could  use  in  N-methylacetamide  case.  For  example, 
formamide  results  give  us  a  feel  for  the  magnitude  of  the  proton-proton  coupling 
constants  and  the  importance  of  non-contact  contributions. 
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7.2  NMR  Spin-Spin  Coupling  Constants  of  Formamide 
(HCONH2)  and  N-methylacetamide  (CH3NHCOCH3) 

Amides  provide  the  simplest  models  for  the  structure  and  conformational 
characteristics  of  the  backbones  of  proteins.  Formamide  is  the  simplest  amide 
and  is  considered  as  the  parent  molecule  of  all  peptides.  The  cis  and  trans  form 
of  a  generic  peptide  link  are  depicted  in  Fig.  6.2. 


Tians 


Figure  6.2 

The  characteristics  of  the  peptide  link  are  the  coplanarity  of  the  groups  directly 
attached  to  it,  its  partial  double  bond  nature  evident  from  the  shorter  C-N  bond 
length,  substantial  rotational  barriers  (ca.  20  kcal/mol)  and  preference  for  the 
trans  configuration  rather  than  the  cis  [235]. 

Geometry  of  formamide  and  N-methylacetamide  is  determined  at  the  CCSD 
level  using  a  DZP  basis  set  that  consists  of  the  (9s,5p,ld)/[4s,2p,ld]  contraction  for 
C  and  (4s,lp)/[2s,lp]  contraction  for  H.  The  sp  set  has  been  taken  from  Dunning 
[138].  Polarization  exponents  have  been  optimized  locally  at  the  correlated  level 
[141].  In  the  case  of  N-methylacetamide  both  cis  and  trans  configurations  with 
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respect  to  the  C-N  bond  have  been  considered.  We  employ  the  same  DZP  basis 
set  for  the  MBPT(2)  vibrational  frequencies,  CCSD  single  point  energy  and  EOM- 
CCSD  NMR  spin-spin  coupling  constant  calculations  at  the  CCSD/DZP  optimized 
geometries.  Spherical  harmonic  Gaussian  basis  functions  have  been  used  in 
geometry  optimization,  vibrational  frequency  calculations,  and  single  point  energy 
calculations.  We  employ  Cartesian  Gaussian  basis  functions  for  NMR  spin-spin 
coupling  constant  calculations. 

The  CCSD/DZP  geometry  of  formamide  is  depicted  in  Fig.  6.2  and  the  EOM- 
CCSD/DZP  NMR  spin-spin  coupUng  constants  are  given  in  Table  7.28.  As  we 
can  see  from  Table  7.28,  large  coupling  constants  such  as  ^J('^N^H),  'J(^^C'H) 
show  good  agreement  with  experiment.  Also,  for  such  coupling  constants  the 
non-contact  contributions  are  seemingly  insignificant. 


Figure  6.2.  r(CHc)  =  1.10931  A,  r(CN)  =  1.36966  A,  r(NHA)  =  1.01006  A, 
r(NHB)  =  1.00756  A,  r(CO)  =  1.21705  A,  qCHaNC)  =  119.33066°,  a(HBNC)  = 
121.21279°,  a(OCHc)  =  123.15927° 
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Table  7.28.  The  NMR  spin-spin  coupling  constants  of  formamide  (in  Hz)^. 


Coupling 

FC 

SD 

PSO 

DSO 

Total 

Exp. 

-82.98 

-0.18 

-1.63 

-0.30 

-85.09 

±88.0*^,  88.3*= 

-83.11 

-0.22 

-1.80 

-0.29 

-85.42 

±92.0*',  90.7*= 

^J(^^N^Hc) 

-18.54 

r\  c\r\ 

0.00 

0.26 

0.15 

-18.13 

±19.0'' 

1    T  ^  1     A            1   T  T  S 

ij(i3ciHc) 

173.72 

0.17 

-0.72 

1.07 

174.24 

2t/'13/~'1tj  \ 

n  1 9 

-U.uj 

-u.oz 

-Z.J  / 

2J(13c1Hb) 

5.43 

-0.05 

-0.60 

-0.63 

4.15 

-18.30 

-0.03 

2.75 

-0.09 

-15.67 

2J(1Ha1Hb) 

3.52 

-0.12 

4.71 

-6.03 

2.08 

±2.4'' 

3J(1Hb1Hc) 

0.48 

0.13 

0.21 

-0.49 

0.39 

±2.1'' 

3J(1Ha1Hc) 

10.98 

-0.04 

2.39 

-4.04 

9.29 

±12.9^  14.6*= 

^EOM-CCSD/DZP  NMR  spin-spin  coupling  constants  at  the  CCSD/DZP  opti- 
mized geometries. 

''  Sunners  et  al,  [236].  Corresponds  to  measurements  carried  out  on  a  pure  liquid 
sample. 

Marchal  and  Canet,  [237].  Corresponds  to  measurements  carried  out  on  a  pure 
liquid  sample. 

However,  as  we  can  see,  the  proton-proton  couplings  are  relatively  small  and  have 
large  DSO  and  PSO  contributions.  Moreover,  these  non-contact  contributions 
have  opposite  signs  and  nearly  cancel  with  each  other  leaving  the  FC  contribution 
approximately  equal  to  the  total  coupling  constant.  As  we  can  see  from  Table 
7.28,  the  EOM-CCSD/DZP  results  for  2j(1Ha'Hb),  ^JC'Hb'Hc)  and  ^JC'Ha'Hc) 
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including  all  the  non-contact  contributions  are  consistently  lower  compared  to 
experiment  while  just  the  FC  contributions  are  both  larger  and  smaller  compared  to 
experiment  and  less  systematic.  On  average,  EOM-CCSD/DZP  results  for  proton- 
proton  coupling  constants  in  formamide  underestimate  experiment  by  about  2  Hz. 
Large  deviation  from  experiment  can  be  attributed  to  the  poor  quality  of  the  atomic 
basis  set.  In  the  following  section  we  will  employ  calculated  ^J(HH)  coupling 
constants  of  N-methylacetamide  to  develop  a  "Karplus  like  relation"  which  will 
eventually  be  used  in  the  conformational  analysis  of  peptides.  Consequently,  the 
accuracy  of  the  EOM-CCSD/DZP  proton-proton  coupling  constants  is  a  primary 
concern. 

The  CCSD/DZP  optimized  geometries  of  the  lowest  energy  cis  and  trans 
configurations  of  N-methylacetamide  are  given  in  Table  7.29  and  depicted  in  Fig. 
6.3  (I)  and  (U)  respectively.  As  we  can  see  bond  lengths  of  cis  and  trans  forms  of 
N-methylacetamide  are  close  to  one  another  while  the  key  bond  angles  q;(NC20), 
q;(HcNC2),  a(C3NC2),  a(HBCiC2)  and  aCHoCsN)  show  a  significant  difference. 
Table  7.29  also  contains  experimental  bond  lengths  and  angles  reported  by  Kitano 
et  al.  [238]  from  electron  diffraction  measurements.  The  experimental  values  for 
angles  a(NC20)  and  a(C3NC2)  are  closer  to  the  CCSD/DZP  optimized 
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Table  7.29.  The  geometries  of  cis  and  trans  N-methylacetamide^. 


trans  form  (I) 

cis  form  (II) 

Exp.^ 

r(CiC2) 

1.5241 

1.5240 

1.520 

r(C20) 

1.2250 

1.2242 

1.224 

r(C2N) 

1.3688 

1.3744 

1.386 

r(C3N) 

1.4551 

1.4533 

1.468 

r(NHc) 

1.0077 

1.0108 

r(CiHA) 

1.0975 

1.0936 

r(CiHB) 

1.0967 

1.0985 

r(C2HD) 

1.0964 

1.0960 

r(C2HE) 

1.0979 

1.0997 

a(NC20) 

122.1255 

121.5906 

121.8 

q(CiC20) 

122.  4773 

122.7630 

a(CiC2N) 

115.3972 

115.6464 

115.2 

a(HcNC2) 

119.4391 

114.4531 

«(C3NC2) 

121.0514 

126.6168 

119.6 

a(HACiC2) 

108.  6373 

108.3853 

a(HBCiC2) 

113.2287 

110.7500 

a(HcC3N) 

110.8806 

108.2697 

q(HdC3N) 

108.5418 

112.1182 

t(HaCiC2Hb) 

121.4049 

121.1501 

t(HdC3NHe) 

119.9316 

118.8286 

^Bond  lengths  are  in  Angstroms  and  bond  angles  are  in  degrees.  The 
reported  geometries  are  obtained  at  the  CCSD/DZP  level. 
Kitano  et  al,  [238]. 
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(I) 


Figure  6.3 
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values  of  the  trans,  and  hence  it  is  clear  that  the  experimental  results  of  Kitano 
et  al.  [238]  correspond  to  the  trans  configuration.  The  shorter  bond  length 
of  r(C2N)  compared  to  r(C3N)  is  an  indication  of  the  double  bond  character 
of  the  C2N  bond  and  reponsible  for  the  larger  barrier  to  internal  rotation  with 
respect  to  the  C2N  axis.  The  CCSD/DZP  optimized  C2N  bond  length  is  0.0172  A 
longer  than  the  experimental  result.  The  comparatively  large  difference  between 
the  calculated  and  experimental  results  is  common  to  multiple  bonds  and  can 
be  improved  by  incorporating  better  basis  sets  and  more  electron  correlation. 
Changes  in  angles  a(CiC2N)  and  a(C2NC3)  from  115.3972°  and  121.0514''  to 
115.6464°  and  126.6168°  indicate  that  the  principal  changes  upon  rotation  to  the 
cis  form  appear  to  help  accommodate  the  steric  congestion.  Further  evidence  for 
this  assertion  comes  from  changes  in  a(HcNC2)  from  119.44°  to  114.45°.  The 
C2-N  bond  length  is  indicative  of  the  double  bond  character  of  the  C2-N  bond 
and  it  is  significantly  shorter  in  the  trans  form  compared  to  the  cis  form. 

The  stationary  points  are  characterized  by  vibrational  frequency  calculations 
and  the  conformations  shown  in  Fig.  6.3  for  the  cis  and  trans  form  are  actual 
minima  on  their  respective  potential  energy  surfaces.  Vibrational  frequencies  of 
the  cis  and  trans  minimum  structures  (Fig.  6.3  (I)  and  (11))  are  similar  and  they 
cannot  be  distinguished  from  each  other  by  vibrational  spectroscopy  alone.  In 
the  gas  phase,  the  trans  form  (Fig  6.3,  (H))  is  2.30  kcaVmol  more  stable  than 
the  cis  form  (Fig  6.3,  (I))  at  the  CCSD/DZP  level,  at  the  CCSD/DZP  geometries. 
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This  includes  the  zero-point  energy  at  0  K  calculated  at  the  MBPT(2)/DZP  level. 
Naturally,  the  zero-point  energy  differences  are  small;  the  cis  isomer  is  favored 
by  0.026  kcal/mol  at  the  MBPT(2)/DZP  level. 

Table  7.30  presents  the  EOM-CCSD  NMR  spin-spin  coupling  constants  of 
the  trans  and  cis  form  of  N-methylacetamide.  As  we  have  seen  from  the  EOM- 
CCSD/DZP  results  for  formamide,  it  is  advantageous  to  include  non-contact 
contributions  to  have  a  consistent  deviation  from  experiment.  To  have  a  better 
agreement  with  experiment  a  basis  set  better  than  DZP  is  required.  However,  for 
N-methylacetamide,  due  to  limitations  in  computer  resources  we  are  not  at  liberty 
to  improve  upon  atomic  basis  set  beyond  DZP.  Moreover,  even  with  a  DZP  basis 
set,  we  are  not  in  a  position  to  evaluate  non-contact  contibutions.  Consequently, 
we  estimate  DSO  and  PSO  contributions  by  employing  a  DZP  basis  on  the  heavy 
atoms  and  a  DZ  basis  set  on  hydrogen  atoms.  As  we  have  concluded  in  chapter 
3,  this  will  give  us  a  fairly  accurate  estimate  of  these  two  contributions  since 
these  contributions  are  more  or  less  insensitive  to  the  choice  of  the  atomic  orbital 
basis  set. 

From  the  selection  of  calculated  coupling  constants  given  in  Table  7.30, 
^J('^N^H)  and  *J(^^C^H)  the  coupling  constants  are  consistent  with  the  literature 
values  for  sp^  hybridized  nitrogen  and  proton  and  sp^  hybridized  carbon  and 
proton  coupling  constants  [239-241]. 
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Table  7.30.  The  NMR  spin-spin  coupling  constants  of  cis 
and  trans  froms  of  N-methylacetamide  (in  Hz)*. 


Trans 

Cis 

-00.12 

O  C  C\f\ 

-85.90 

-15.99 

1  C  Of\ 

-15.80 

-13.2/ 

-YLxn 

A  OA 

0.84 

1  An 

1.47 

/15xt13tt  \ 

1.52 

A  OA 

0.89 

-U.4/ 

O  AO 

-2.08 

1  AA 

A  OA 

0.39 

/I  "^/"l     TT  \ 

C^CiHa) 

11/1  AA 

1  lo.uy 

1  1  A  CO 
1  10.08 

C^CiHb) 

111  AC\ 

122.80 

/I     ^    T  T  \ 

1  1A 

1  T3  n  A 
123.  /4 

/1 3/^    T  T  \ 

1  1  /;  -JQ 
1  lO.Jo 

1  1  0  1  A 

1 18.19 

/ 1 TT     TT  \ 

(^HaHa) 

in  At 
-1  /.41 

-10.55 

K^HaHb) 

-13.57 

-13.88 

('HdHd) 

-13.33 

-11.12 

K'HdHe) 

-13.85 

-15.10 

(^HdHc) 

1.17 

1.55 

K^HeHc) 

5.36 

6.67 

(^HaHc) 

-0.81 

-1.34 

('HbHc) 

0.83 

0.59 

Exp. 


±93.0'' 


*The  FC  contributions  are  calculated  using  a  DZP  basis  and  the  PSO  and  DSO 
contributions  are  calculated  using  a  DZP  basis  on  heavy  atoms  and  a  DZ  basis 
on  hydrogens. 

•Tvlarchal  and  Canet,  [237,  242].  Corresponds  to  measurements  carried  out  on 
a  pure  liquid  sample. 
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As  expected  from  the  similar  geometries  and  bonding  character,  these  coupHng 
constants  have  similar  values  in  the  cis  and  trans  frorms.  Multiple  bond  character 
of  the  C2-N  bond  is  reflected  by  its  relatively  large  negative  value  for  the 
ij(i3C2^^N)  value  compared  to  ^JC^^^is^)  in  CH3NH2  and  shorter  C2-N  bond 
length  compared  to  C-N  single  bond  length  (ca.  1.46).  As  we  have  seen 
earlier,  in  the  cis  form  He  and  He  are  further  apart  in  the  space  compared  to 
the  corresponding  atoms  in  the  trans  form.  This  is  also  reflected  in  the  large 
■'JC^He'Hc)  value  in  the  trans  form  compared  to  the  cis  form.  Similarly,  Hb 
and  He  are  further  apart  in  the  trans  form  and  have  a  smaller  coupling  constant 
compared  to  the  cis  form.  Consequently,  the  relative  magnitude  of  the  ^J(^H'H) 
may  be  used  to  assign  the  configuration  (cis  or  trans)  of  the  peptide  link. 

Several  experiments  have  been  carried  out  to  measure  the  NMR  spectrum 
of  N-methylacetamide.  The  cis  isomer  of  N-methylacetamide  is  in  too  small  a 
proportion  (ca.  3%  in  water)  to  observe  in  the  NMR  measurements.  As  a  result, 
experimentally  measured  NMR  chemical  shifts  and  spin-spin  coupling  constants 
are  mostly  due  to  the  trans  isomer.  The  EOM-CCSD/DZP  results  of  the  ^J(^^N^H) 
coupling  constant,  when  considered  with  the  mean  absolute  error  of  such  a  method 
as  reported  in  chapter  4  (ca.  12%)  is  in  good  agreement  with  experiment.  As 
indicated  on  several  occasions,  the  EOM-CCSD  results  almost  always  provide  an 
unambiguous  determination  of  the  sign  of  the  coupling  constant  and  the  ^J('5n^H) 
is  in  fact  negative.  The  long  range  3J(15n'H)  coupling  constant  has  been  reported 
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to  be  ±  1.63  Hz  [243]  and  subject  to  the  error  bars  of  the  EOM-CCSD/DZP  level 
compares  very  well  with  the  rotationally  averaged  calculated  result  -  0.82  Hz  for 
the  trans  isomer. 

The  coupling  constant  we  are  most  interested  in  is  ^J(^Hc^Hd).  The  calculated 
^J('Hc*Hd)  coupling  constant  for  several  different  values  of  the  dihedral  angle  <f)  is 
given  in  Table  7.3 1 .  If  it  is  assumed  that  the  hydrogens  of  the  methyl  group  occupy 
discrete  rotational  states  with  one  of  the  methyl  protons  cis  to  the  N-H  proton 
(energetically  preferred  conformation),  then  the  calculated  average  ■'J(^Hc'Hd) 
coupling  constants  for  the  trans  and  cis  forms  are  2.6  and  3.3  Hz  respectively. 
The  corresponding  experimental  values  are  4.8  and  and  5.3  respectively  [244]. 
Similar  to  formamide,  the  calculated  results  underestimate  experiment  by  about  2 
Hz  and  also  the  coupling  constants  under  consideration  have  similar  magnitudes  to 
those  of  the  formamide  and  appears  also  to  have  a  similar  chemical  environment. 
Consequently,  it  is  fair  to  assume  that  the  calculated  results  are  systematically 
lower  by  about  2  Hz  for  the  proton-proton  coupling  constants  of  interest  in  these 
molecules,  and  scale  the  calculated  results  by  2  Hz  to  have  a  better  agreement 
with  experiment.  The  scaled  values  are  also  presented  in  Table  7.31  (given  in 
parenthesis).  The  range  of  3j(1Hc^Hd)  as  the  dihedral  angle  varies  from  0°  to 
180°  is  7.36  to  10.25  Hz  in  the  trans  form  and  8.67  to  11.31  Hz  in  the  cis  form. 
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Table  7.31.  Variation  of  3J('H'H)  with  dihedral  angle  (in 
degrees)  of  cis  and  trans  N-methylacetamide  (in  Hz)*. 


Dihedral  Angle 


Trans 


Cis 


0 


5.36  (7.36) 
3.96  (5.96) 
0.29  (2.29) 
1.17  (3.17) 
5.52  (7.52) 
8.25  (10.25) 


6.67  (8.67) 

4.68  (6.68) 
0.50  (2.50) 
1.55  (3.55) 
6.53  (8.53) 
9.31  (11.31) 


30 


60 


120 


150 


180 


*The  EOM-CCSD  spin-spin  coupling  constants  at  the  CCSD/DZP  optimized 
geometries.  The  FC  contributions  are  calculated  using  a  DZP  basis  and  the 
PSO  and  DSO  contributions  are  calculated  using  a  DZP  basis  on  heavy  atoms 
and  a  DZ  basis  on  hydrogens. 

The  disadvantage  of  having  such  a  small  range  for  the  ^J('Hc^Hd)  is  that  the 
smaller  errors  in  the  calculated  or  experimentally  measured  ^J('Hc'Hd)  will 
correspond  to  larger  errors  in  the  dihedral  angle  in  question.  In  other  words, 
to  minimize  these  errors,  the  calculated  3J('Hc'Hd)  results  for  different  dihedral 
angles  which  we  will  employ  to  estimate  A,  fl  and  C  are  required  to  be  highly 
accurate.  The  scaled  values  for  the  ^JCH^U)  coupling  constants  for  different 
values  of  the  dihedral  angle  (f)  presented  in  Table  7.31  are  used  to  estimate  the 
magnitudes  of  A,  B  and  C  in  Eqn.  7.221. 
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Within  the  error  bars  of  the  statistical  fit,  the  expressions 


3j(HH)  =  (8.09  ±0.42)cos2</.- (1.17  ±0.16)cos2(^  + (0.70  ±0.31)  (7.222) 

^J(HH)  =  (9.27  ±  0.20)cos2</,  -  (1.19  ±  0.08)cos^(l)  +  (0.69  ±  0.15)  (7.223) 

describe  the  variations  of  calculated  vicinal  ^J(HH)  spin-spin  coupling  constants 
with  the  dihedral  angle  for  the  trans  and  cis  arrangement  of  the  amide  bond 
respectively.  Respective  equations  are  plotted  as  a  function  of  the  dihedral  angle 
4>  in  Figs.  6.4  and  6.5. 


-1.00  -0.50  0.00  0.50  1.00 

Coa^ 


Figure  6.4.  A  plot  of  vicinal  3j('h1H)  coupling  constant  as  a  function 
of  dihedral  angle  for  the  trans  arrangement  of  the  amide  bond. 
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Figure  6.5.  A  plot  of  vicinal  ■'J('H'H)  coupling  constant  as  a 
function  of  dihedral  angle  for  the  cis  arrangement  of  the  amide  bond. 

In  Table  7.32,  we  compare  the  proposed  values  for  the  constants  A,  B  and  C  with 
several  other  sets  of  values  reported  in  the  literature.  It  has  been  shown  that  the 
coefficients  proposed  by  Neel  et  al.  [245-247]  and  Ramachandran  [229,  230] 
give  lower  values  for  the  ^JC^H^H)  coupling  constant  for  the  dihedral  angles  in 
the  range  of  0°  <  <  90°  [248].  The  coefficients  proposed  by  Barfield  et  al.  [220] 
are  based  on  the  INDO  (intermediate  neglect  of  differential  overlap)  calculations 
on  the  model  compound  n-methylacetamide. 
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Table  7.32.  Coefficients  proposed  for  Eqn.  7.221. 


Coefficients  (Hz) 

Reference  Configuration  

ABC 


Bystrov  et  ai,  [249  ] 

9.8 

1.1 

0.4 

N6el  et  ai,  [245,  246  ] 

9.3 

3.5 

0.3 

Neel  et  al.,  [247  ] 

9.4 

3.2 

0.0 

Ramachandran  et  ai,  [229  ] 

8.6 

1.7 

1.5 

trans 

12.06 

4.48 

0.01 

Barfield  et  ai,  [220  ] 

cis 

11.27 

4.32 

0.01 

trans 

8.09 

1.17 

0.70 

Present  work 

cis 

9.27 

1.19 

0.69 

The  relations  given  by  Barfield  et  al.  [220]  predicts  larger  ^J('H'H)  for  the 
trans  configuration  than  the  corresponding  coupling  for  the  cis  configuration  of 
the  amide  bond.  This  is  contrary  to  the  experimental  results  reported  for  model 
systems  having  cis  and  trans  amide  bonds  and  the  dihedral  angle  </>  in  the  region 
of  ~  0°.  Consistent  with  experiment,  the  relations  derived  in  this  study  gives 
larger  ^J(HH)  coupling  constants  for  the  cis  arrangement  compared  to  the  trans 
arrangement  of  the  amide  bond  in  the  region  of  </>  ~  0°.  Our  results  also  predict 
similar  behaviour  in  the  region  of  ~  180°.  However,  it  is,  as  yet  impossible  to 
verify  experimentally  that  larger  3j(HH)  values  for  the  cis  than  trans  configuration 
of  the  amide  bond  holds  for  this  region  as  well. 
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7.3  Conclusions 


In  this  chapter,  we  have  presented  a  preliminary  study  of  the  application 
of  theoretically  calculated  EOM-CCSD  NMR  spin-spin  coupling  constants  in 
conformational  analysis.  Here,  our  focus  was  on  the  determination  of  dihedral 
angle  0  of  a  peptide  link  (Fig.  6.1)  by  using  NMR  spin-spin  coupUng  constants. 

For  this  purpose,  we  have  presented  a  model  mathematical  relation  which 
relates  the  vicinal  ^J('H-N-C-^H)  spin-spin  coupling  constant  to  the  dihedral  angle 
(j)  using  n-methylacetamide  as  the  model  molecule.  The  structure  and  energetics 
of  n-methylacetamide  was  itself  found  to  be  interesting.  The  trans  configuration 
of  the  amide  bond  was  shown  to  be  (Fig.  6.3,  (I))  2.30  kcal/mol  more  stable  than 
the  cis  configuration  (Fig.  6.3,  (U))  at  the  CCSD/DZP  level,  at  the  CCSD/DZP 
geometries.  The  eclipsed  conformation  of  the  methyl  hydrogens  with  respect  to 
the  N-H  and  C=0  bond  was  found  to  be  the  most  stable  conformation  for  the  cis 
configuration  of  the  amide  bond.  On  the  other  hand  for  the  trans  configuration, 
the  eclipsed  conformation  of  the  methyl  hydrogen  with  respect  to  the  N-H  bond 
and  staggered  conformation  with  respect  to  C=0  bond  was  found  to  be  the  most 
stable  conformation.  Relative  magnitude  of  the  3J('H-N-C-1H)  may  be  useful  to 
assign  the  configuration  of  the  peptide  link. 

The  relations  given  in  Eqns.  7.222  and  7.223  for  variation  of  the  vicinal 
coupling  3j(1h-N-C-1H)  with  dihedral  angle  for  the  trans  and  cis  configuration  of 
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the  amide  bond  predicts  the  relative  ordering  of  the  ^J('H-N-C-'H)  for  the  cis  and 
trans  configurations  of  the  amide  bond  consistent  with  experiment  in  the  range  of 
^  0°.  This  is  a  remarkable  improvement  over  the  relations  that  have  been  widely 
used  in  the  literature.  However,  the  absolute  accuracy  of  the  dihedral  angle  (j) 
calculated  by  given  relations  need  to  be  carefully  assessed  before  widspread  use 
of  Eqns.  7.222  and  7.223  in  conformational  analysis. 

In  several  previous  occasions,  we  have  emphasized  the  importance  of  having 
very  accurate  NMR  spin-spin  coupling  constants  to  develop  "Karplus  like  rela- 
tions". We  were  also  able  to  demonstrate  the  difficulties  of  obtaining  accurate 
spin-spin  coupling  constants  even  for  a  small  model  system.  Therefore  it  is  ab- 
solutely essential  to  find  alternative  means  for  improvement,  without  relying  so 
much  on  improving  the  level  of  theory  (ie.  method,  basis  set,  etc.).  An  alterna- 
tive way  to  look  at  Eqn.  7.221  is  that  the  constants  A  and  B  describe  the  relative 
change  in  spin-spin  coupling  constants  with  respect  to  a  base  value  C,  with  the 
variation  of  the  dihedral  angle.  Due  to  the  error  cancellations,  the  relative  changes 
in  the  NMR  spin-spin  coupling  constants  can  be  calculated  accurately.  Therefore, 
the  constants  A  and  5  can  be  estimated  fairly  accurately  by  our  EOM-CCSD/DZP 
results.  The  constant  C  being  an  absolute  value  difficult  to  compute  accurately 
from  theoretically  calculated  results.  Therefore  we  suggest  to  obtain  a  better  esti- 
mate for  the  constant  C  for  given  A  and  B  by  using  a  one  experimentally  measured 
spin-spin  coupling  constant  for  a  known  dihedral  angle. 
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As  illustrated  in  this  chapter,  the  accurate  calculations  of  NMR  spin-spin 
coupling  constant  of  conformers,  regardless  of  the  atoms  involved,  and  which 
otherwise  would  not  have  been  accessible  experimentally,  will  enormously  expand 
the  applicablity  of  NMR  spectroscopy  in  conformational  analysis. 
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